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ON THE STABILITY OF DISPLACEMENT FRONTS 
IN POROUS MEDIA: 
A DISCUSSION OF THE MUSKAT-ARONOFSKY MODEL! 


A. E. SCHEIDEGGER 


ABSTRACT 


It is well known that, during the displacement of a fluid contained in a porous 
medium by another less viscous one, the displacement front may become unstable: 
Fingers occur which proceed rapidly through the system. 

The Muskat—Aronofsky model of displacement in porous media, in which it is 
assumed that a sharp front exists with maximum saturation by the respective 
fluid being present on either side of the front, is analyzed in the light of the 
phenomenon of fingering. It is shown that the Muskat—Aronofsky model, in fact, 
demands that fingering occurs for mobility ratios (displaced/displacing fluid) 
smaller than one. This model should, therefore, not be used for the calculation of 
the steady progress of a front for such mobility ratios. The Muskat—Aronofsky 
model also yields some conditions regarding the geometry of fingers; the latter 
are deduced. It does not, however, describe the fingering process completely. In 
this connection, one would have to take recourse to the statistical geometry of 
porous media. This will be done in a separate paper. 


I. INTRODUCTION 


Displacement processes in porous media occur in nature during the intrusion 
of salt water into the fresh water lens beneath oceanic islands. They have been 
put to commercial use in connection with the recovery of oil from petroleum 
reservoirs. In the latter case, the displacing fluid is water or gas, whereas the 
displaced fluid is crude oil. An understanding of these displacement processes 
is therefore of utmost importance. 

An attempt along these lines has been made by Muskat (1934), who con- 
sidered a simple theoretical model of the displacement process. Aronofsky (1952) 
used Muskat’s model to calculate the shapes of displacement fronts in various 
types of flooding patterns (five-spot, etc.) of a porous medium for a number 
of mobility ratios. In particular, he investigated the behavior of the displace- 
ment fronts for various cases where the displaced fluid is less mobile than the 
displacing fluid. This case is particularly important to the oil industry as the 
displacing fluid (water or gas) is usually more mobile than the displaced oil. It 
was generally found that the smaller the mobility ratio (of oil/displacing 
fluid), the poorer is the recovery of oil, a fact which is well-known from 
experimental investigations. 


1Manuscript received August 6, 1959. 
Contribution from Imperial Oil Research Laboratory, Calgary, Alberta. Published by 


permission of Imperial Oil Limited. 
Can. J. Phys. Vol. 38 (1960) 
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Although the qualitative predictions of the Muskat—Aronofsky model thus 
seem to be in agreement with experimental evidence, it will be shown that this 
model, in fact, lacks self-consistency for mobility ratios smaller than one. The 
very assumptions inherent in the model make it unavoidable that the displace- 
ment front becomes unstable (‘‘fingers’’ out) for such mobility ratios, but 
stability of the front is a necessary assumption in Aronofsky’s calculations. 

The present investigation, thus, shows that the fact that “‘fingering’’ occurs 
in a displacement process is the outcome of the presence of a discontinuity in 
the derivative of the flow potential in the two types of fluids; it has nothing to 
do with the properties of the porous medium. The Muskat—Aronofsky model 
even imposes certain conditions upon the geometry of fingers, but it does not, 
in fact, give the complete description of the fingering process. In this con- 
nection, the statistical properties of the porous medium are of importance. 
For a further analysis of the fingering problem, the statistical geometry of 
porous media has to be known. This will be done in a separate paper 
(Scheidegger 1960). 


Il. THE MUSKAT-ARONOFSKY MODEL 

If a fluid is being displaced by another in a porous medium, the region in 
which the saturation changes rapidly from a high value for one fluid to a high 
value for the other is referred to as “displacement front’’. It is convenient to 
treat this front as a surface of discontinuity although this is, in fact, strictly 
correct only in the case of immiscible displacement. In the case of miscible 
displacement, the front becomes always diffuse due to the mixing that occurs 
at the interface. 

A common way of treating displacement problems is by assuming that, on 
one side of the front, there is a maximum saturation with one fluid, on the 
other side a maximum saturation with the second fluid. The displacement is 
thus assumed as complete, except for an irreducible restsaturation. On both 
sides of the displacement front, Darcy’s law is assumed to be valid with a 
transmissibility characteristic for the fluid. The solution of a particular dis- 
placement problem, then, is effected by a successive approximation: For an 
initial position of the front, the velocities in the displaced fluid are calculated 
for a first time step from Darcy’s law, which amounts to solving a Laplace 
equation. It is then assumed that the front moves during the first time step 
with the calculated velocity which enables one to determine the position of the 
front at the end of that time step. This procedure is then repeated. 

The treatment of the displacement process outlined above has been suggested 
for the first time by Muskat (1934). It has then been applied by Aronofsky 
(1952) to an investigation of the influence of the mobility ratio on the sweep 
efficiency during water encroachment in various types of flood patterns. 
Aronofsky obtained very interesting results. 

From the above remarks, it is quite obvious that the Muskat—Aronofsky 
treatment of the displacement process is very simplified. First of all, no 
immiscible displacement process is ‘“‘complete’’, i.e. the discontinuity of the 
saturation is not from 0 to | at the front, but something less. This has been 








SCHEIDEGGER: DISPLACEMENT FRONTS IN POROUS MEDIA 155 


taken into account in investigations of Buckley and Leverett (1942). However, 
the Buckley—Leverett solution of the displacement process has been obtained 
only in the case of a linear displacement as the analytical procedures become 
too involved to permit one to calculate anything but the simplest cases. 

Second, a very stringent assumption in the Muskat—Aronofsky treatment is 
that the front displaces itself in a regular manner during each time step. This 
assumption would appear by no means assured. It is, in fact, well known (see, 
for example, Van Meurs 1957) that, instead of a regular displacement of the 
whole front, protuberances can occur in the latter which may shoot through 
the porous medium at relatively great speed. This effect is commonly referred 
to as ‘‘fingering’’. It represents the case where the regular displacement of the 
front is no longer stable, but other modes of displacement take place with 
greater preference. 

Needless to say, the occurrence of fingering is a severe limitation of many 
commercial displacement processes, particularly in the oil industry, since a 
displacing fluid is by-passing large quantities of fluid in the porous medium 
which one would like to have displaced. An understanding of the whole question 
of stability of a displacement front is therefore of utmost importance. 


Ill. THE CONDITIONS FOR INSTABILITY 

Let us now investigate the stability of a displacement front in the light of 
the model of fluid displacements in sands which was considered by Muskat and 
by Aronofsky. Accordingly, we assume the front as sharp, the displacement as 
complete, and Darcy’s law as valid on both sides of the front. The Aronofsky 
procedure is to assume an initial front, and then to calculate the progress of 
that front numerically. This is a method which is obviously insufficient for 
the setting-up of general criteria for the stability of the front. What one would 
like to do is to assume an Aronofsky-type solution, then to introduce a pertur- 
bation into the latter, and, finally to determine a criterion as to whether the 
perturbation will decay or grow in the course of time. Unfortunately, this is, 
in general terms, a very difficult problem, as it contains a floating boundary 


condition which is not easy to treat analytically. 

It is therefore suggested to make certain simplifications, which, however, 
will still preserve the basic physical features of the Muskat-Aronofsky model. 
Thus, let us assume that a linear displacement experiment is being made (see 
Fig. 1) where the pore velocity of fluid injection is v. If the displacement 
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process is total and stable, then the displacement front also will move with 
the velocity v. During the time dt, the displacement of the front will, therefore, 


be 
(3.1) dx = vdt. 


The quantity of fluid injected is then Padx, a being the cross-sectional area. 

In order to have the front moving with the velocity v, there must be a 
pressure gradient presené i: the fluids. Denoting the displacing fluid by 1, the 
displaced fluid by 2, this yields for the pressure gradient in fluid 1 


(3.2a) grad p; = any 
1 
and for the pressure gradient in fluid 2 
2 
(3.26) grad pz = eee v. 


The case represented in Fig. 1 corresponds to stable displacement. We shall 
refer to it as ‘‘case A’’. 

We shall now consider instead of the above case of a stable displacement, the 
case where a “‘finger’’ might develop (‘‘case B’’). This possibility is shown in 
Fig. 2. During the time dt the same quantity adx as before is being injected, 





Fic. 2. 


and the problem is to determine whether the stable (case A) or the fingered 
(case B) displacement is more likely to occur under given external circum- 
stances. 

The possibility of the existence of a finger, as compared with the stable 
displacement process, depends on various conditions. 


(t) Volumetric Condition 
The volume of the fluid contained in the finger and the small displacement 
of the front must be equal to the total fluid injected. 


Hence 
(3.3) Padx = P(a' dx'+a” dx’) 
where a” =a-—a”". 


(it) Equilibrium Condition 
A finger can be maintained only if there is no tendency for it either to spread 
out or else to get pinched to nothing. This entails that the pressure gradient in 
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the finger must be the same as that in the surrounding fluid. Since the mobility 
of the fluid contained within the finger is different from that contained in the 
surrounding part of the porous medium, this requires a different velocity in 
the finger and in the surrounding fluid. Equating (3.2a) and (3.20) yields 


Bt pee 
Pa” Pi 


And, since v = dx/dt (with m, = k;/u,), mydx’ = medx"’ 


or 
dx” cS my 
(3.4) a a 


(iit) Energy Condition 

A finger will develop only if, by its formation, it consumes less energy than 
the corresponding stable displacement of the whole front. 

Let us, therefore, calculate the energy that is required for obtaining the 
corresponding displacements during the time dt in the two cases (A and B) that 
are under consideration. 

Case A 

In this case, the displacement front is shifted steadily by the amount dx 
during the time de. 

On the side containing fluid 1, the pressure drop is grad p;. Hence the work 
W4 required to move a slug of fluid 1 into the space between level a and level 
B (see Fig. 1) is 


(3.5) W4 =a grad p; dx’. 


Similarly, the work W# required to move a slug of fluid out of the space 
between level a and level 8 is 


(3.6) W? = agrad p> dx’. 


However, one can now express the pressure gradients in terms of the mobility. 
One has 


has Mi 5 aX 
3.7 zrad p, = —~ P— 
where k; is the permeability and P the porosity of the medium. Thus, the total 


work required to move the quantity of fluid under consideration is, in case A, 


dx 


(3.8) W4 = Pa at(u1 442) = 


ky ko 


Case B 
We shall now consider case B, i.e. the case where there is a finger. 
On the side where there is the fluid 1 the work required is 


(3.9) W? = a’ grad p; (dx’)?+a” grad po (dx’’)” 


where use has been made of the fact that the pressure gradient in the finger 
must be the same as that in the surrounding displaced fluid (condition (72)). 
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Similarly, the work required to move the corresponding slug of displaced 
fluid is 


(3.10) W? = a’ grad po (dx’)’+a” grad pe (dx’’)”. 


Again, it is possible to express the pressure gradients in terms of the mobilities. 
One has 


(3.11) grad pe = Fa 

Hence 

(3.12) W* = a r E a’ (dx')’+2 a a’ (dx"")" +5 a'(ax')' | ; 
The energy condition, as stated earlier, is 

(3.13) W2<W4; 

hence 


(3.14) dx’ E a’ (dx')’+2 es al’ (dx'")? 4+? a'(ax')*| <adx’ (2:4#2), 
ky ky ko ki ke 
IV. THE CRITICAL CONDITION FOR THE MOBILITY RATIO 
It is now possible to combine the three conditions (7, 17, 772, i.e. eqs. 3.3, 3.4, 
and 3.14) to yield a condition for the critical mobility ratio at which fingering 
must develop. 
For the sake of abbreviation, we write 


(4.1) a’/a=a'; a”’/a = al’ 
(4.2) dx'/dx = &'; dx” / dx =" 
(4.5) Ripe (Rou) =m, ‘Ms = 7. 


Then the three relevant conditions can be simplified to read 


(4.4) (2) 1 = a’t’+a’’é", 

(4.5) a’ = l-a"”’; 

(4.6) (ii) &’ = nt’; 

(4.7) (iit) (aE + 2qa’’t!”" +a’t"”) <1 +n. 


The three conditions can be treated so as to yield a critical condition for the 
(inverse) mobility ratio 7, which can be achieved by a procedure of elimination 
of the other variables from the system of equations. 

From the two equations (7) one has 


> , g”’—1 
(4.8) = rs 5 
— nS 
a , 
(4.9) a = as 
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If this be inserted into the third condition, one obtains 





vr 6 ae ” 1 
(4.10) :! (f=3 e49n grape +0 pra 1 ys) mee 


and, using condition (77) for the elimination of ?’, 


1) E11 2, 1—(1/a)e" py Se 1 | 
4.11 SE lenges 2 be male 
( ) ” 1—(1/n) * t -j —(1/n) et — (1 ae <ltn 


1 9 1 1 
9 _ = _ hie a fe — 9 <. eh = fh 
(4.12) oe I (€°—1)+2(n—é i. (é 2 < 1+7, 


“a ” 1 . 
(4.13) ad eee r’-1) qs-l, 
” 7 n n 


” 
2 1 2 
(4.14) é” aa ~ 28-42 t"”— Dg get 
n7 
A finger exists only if ¢’”<1, as this is, indeed, the very definition of a 
finger. Looking at the limiting case ’’ = 1, one obtains a condition for 7: 


(4.15) 1 —2y? +9 — 1+2y?—9 —n'+7'?<0 
or 
(4.18) n?—2nt+1>0 


which is always satisfied. 
However, condition (77) (i.e. 4.6) implies that geometrically, a finger can 
exist only if 
since the very definition of a finger implies 
(4.18) e >t 


The last result shows that the Muskat-Aronofsky model automatically 
implies that fingering should and will occur as soon as the mobility ratio of 
displacing vs. displaced fluid exceeds 1. In this instance, it becomes obvious 
that this model should not be used to calculate sweep efficiencies, etc., for such 
mobility ratios greater than 1, since the fronts thus calculated cannot possibly 
remain stable. 

V. GEOMETRY OF FINGERS 

Finally, one can investigate what predictions the Muskat—Aronofsky model 
makes about the geometry of fingers. 

First of all, we know now that the model postulates that fingering should 
always occur if the (inverse) mobility ratio is 7>1. Since an even (not-fingered) 
displacement front represents an unstable steady state, it must be assumed 
that the particular size of a disturbance in the front that will start a finger 
going will be determined by the statistical properties of the porous medium. 

However, once a disturbance has been started, the conditions for instability 
impose certain limitations as to how the finger may grow. 
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First of all, the energy condition requires that the left-hand side of (4.14) is 
always smaller than zero. Denoting the latter by y, this condition can be 
expressed as follows: 


(5.1) y = (1-29? +n) +2" (— 1429-2) —0°(9?—-1) <0. 


This is a cubic equation in ¢’’, One can convince oneself that y is always 
zero or less for £’’ = 1, 7>1. For, setting § = 1 yields the following fourth- 
order expression in 7: 


(5.2) Yer = —9'+2y?—79?. 
This is zero for n = 1; there is, in fact, a double root for 7 = 1. There is a further 
double root at 7 = 0, and, since the expression is negative for large -+:n, it must 


have the general form shown in Fig. 3. This confirms that for »>1, there is 
always a range of values of ¢’’ for which the energy condition (5.1) is satisfied. 


Yel 


3 


Fic. 3. 


This range of possible values for £’’, however, may not necessarily be the 
whole domain £’>1. It is obvious that, for large &’’, the expression for y 
becomes negative. However, it may be positive between é’”” = 1 and §”— o~, 
This can be demonstrated as follows. The maximal positive value that y can 
attain must be an extremal value. The extremal values of y are obtained by 
differentiating y with regard to &’”’ and setting the result equal to zero, 








i oe - = 3¢°(1—2n°-+n) +28""(—142n°—n), 
which yields 
(5.4) (a) £” = 0, 
» 2 (—-14+2s"—) 
(5.5) (b) £” = oe 


For large (inverse) mobility ratios 7, the last expression becomes 


: ” 2 
(5.6) max™ 3 7 


Hence, y(¢’’,_) becomes (for large 7, i.e. keeping only the largest powers of 7) 


max 


" 8 
(5.7) yw oz" 
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For large 7, the function y(é’’) has, therefore, the shape as shown in Fig. 4. 

An inspection of Fig. 4 shows that the energy function y is positive (for 
large n) for a certain range of ¢”’. This implies that there is a forbidden range for 
the speed of a finger. 





+ Forbidden range 





Fic. 4. 


A further geometrical condition for fingers can be obtained from a combina- 
tion of eqs. (4.4), (4.5), and (4.6). For, inserting (4.6) into (4.9) (the latter is 
already a combination of (4.4) and (4.5) ) yields 


= ee 
(5.8) a" = 2" 1s 





ani 

This shows that the Muskat—Aronofsky model does not allow fingers to be 
of arbitrary size. In other words, if a certain fraction of the cross section of a 
porous material during a linear displacement experiment is fingering out, then 
eq. (5.8) gives the speed (¢’”) at which these fingers progress into the medium. 


VI. CONCLUSION 


The discussion of the Muskat—Aronofsky model of displacements in porous 
media has yielded the result that a displacement front always should become 
unstable as soon as the mobility ratio (of displacing fluid vs. displaced fluid) 
exceeds one. Furthermore, some conditions have been obtained regarding the 
geometry of fingers. The Muskat—Aronofsky model is entirely based upon a 
consideration of the flow potentials in the two fluids, and does not depend at 
all on the properties of the porous medium. In other words, the fact that 
fingering does occur for certain mobility ratios is the outcome of a discontinuity 
in the derivative of the flow potential at the interface and not, for instance, an 
outcome of the statistical properties of the porous medium. Even some of the 
geometrical properties of the fingers are conditioned by the nature of that 
discontinuity. 

On the other hand, where a finger starts and what its geometrical character- 
istics are, within those that are allowed by the framework of the Muskat-— 
Aronofsky model, must need be conditioned by the heterogeneities present in 
the porous medium. A further investigation of the fingering problem cannot, 
therefore, be achieved unless the statistical properties of the porous medium 
in question are examined (see Scheidegger 1960). 
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From experimental investigations, it is well known that fingering does occur. 
However, specific determinations of the various factors that are involved in 
causing fingering (such as viscosity ratio, heterogeneities) do not seem to 
have been undertaken. There have been many “‘floods’’ performed (see, 
for example, Scheidegger 1957) on petroleum well cores to determine the 
“recovery” of oil by the use of various flooding agents, but, in general, only 
the total result has been reported which makes it impossible to evaluate these 
experiments in terms of the displacement mechanism that is taking place. It 
would appear, though, that fingering does not always occur at 7 = 1 as would 
be a consequence of the Muskat—Aronofsky model. It seems, therefore, that 
this model neglects an effect which is basic in the mechanism of fingering. It 
would be the opinion of the writer that this effect is again due to the statistical 
properties of the porous medium in question: On the one hand, heterogeneities 
are instrumental in starting fingers by introducing small perturbations into a 
basically unstable process; the latter then grow to form the fingers. On the other 
hand, heterogeneities also oppose the formation of fingers by providing for 
dispersion and remixing of small protuberances. The relative influence of these 
two effects, and therewith the conditions relevant for finger formation over 
and above those resulting from the Muskat—Aronofsky model, cannot be 
estimated unless the statistical-geometrical properties of porous media are 
known. This will be attempted in a separate paper (Scheidegger 1960). 
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THE K-LL AUGER SPECTRUM OF ,:,Sm'*! 


G. T. Ewan, R. L. GRAHAM, AND L. GrRopDzINs? 


ABSTRACT 
_The A-LL Auger spectrum of «25m! has been studied in the Chalk River 
high-resolution 8-ray spectrometer with a proportional counter detector. Seven 
lines were observed in the Auger spectrum with the following energies and 
relative intensities: 
Energy (kev) 31.20 31.62 32.01 32.19 32.25 32.61 33.22 
+ .02 + .02 + .02 + .02 + .02 + .02 + .02 
Relative 1.0 1.39 0.26 1.18 0.29 3.14 1.39 
intensity +.05 +.06 +.06 +.06 +.09 +.13 +.06 


These measurements are compared with the theoretical predictions of Asaad 
and Burhop. The measured energies are ~50-60 ev higher than their predic- 
tions. Discrepancies exist in the relative intensities but these are smaller than 
were observed at Z = 94. 


INTRODUCTION 

In a previous paper (Ewan et a/. 1959a) we reported results of a high-resolu- 
tion study of the A—-LZ Auger spectrum of 9,Pu?*’. The results of these experi- 
ments were compared with the predictions of the recent theoretical treatment 
of Asaad and Burhop (1958). The energies of the lines were in satisfactory 
agreement with their theoretical predictions, but there were large discrepancies 
between experiment and theory in the relative intensities of the lines. As the 
treatment of Asaad and Burhop was non-relativistic it is of interest to test 
the theory at a lower value of Z where relativistic effects would be expected 
to be of less importance than at Z = 94. 

In their theoretical treatment Asaad and Burhop assume that the coupling 
between the electron shell vacancies is intermediate between L—S and j-), 
approaching j-j at high Z. They predict the existence of nine A-LL Auger 
lines instead of the six that would be predicted by pure j—j coupling. The three 
additional lines at high Z are expected to be weak and to be close satellites of 
three of the six lines predicted by pure j—j coupling. In our results for Pu*** 
we observed one of these satellite lines. The other two lines were not resolved 
in these“experiments. The observation of one or more of these satellite lines at 
another value of Z would support their theoretical approach. 

The present paper reports measurements of the relative intensities and 
energies of the A-LL Auger lines of ¢2Sm!'?. These were observed in a high- 
resolution study of the low-energy conversion electron spectrum of the 9-hour 
isomer of Eu®*. The measurements were made using the Chalk River ry/2 
spectrometer operated at 0.05°% resolution in momentum. The energies have 
been measured with an accuracy of +0.02 kev and the relative intensities of 
the more intense lines have an estimated accuracy of +5%. 


'Manuscript received November 2, 1959. 
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*Permanent address: Massachusetts Institute of Technology, Cambridge, Massachusetts 
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EXPERIMENTAL PROCEDURE AND RESULTS 


Sources of Eu! were prepared by irradiating enriched Eu"! (99%) in the 
NRX reactor for 12 hours at a flux of 6X10" n/sq. cm/sec. The irradiated 
material was dissolved in nitric acid. The europium nitrate was sublimed from 
a boat-shaped tantalum filament at 2000° C through a slot 0.015 in. wide by 
0.5 in. long onto a backing of Al foil 800 ug/cm? thick. Two different sources 
were used, having estimated thicknesses 10 ug/cm? and 25 wg/cm?. 

The Auger spectrum was studied in the high-resolution spectrometer 
described in our previous paper. The instrumental resolution was set at 0.05% 
in momentum. The observed line width was considerably greater due to the 
natural width of the K and L shell vacancies involved. The spectrometer was 
operated automatically; the current was cycled through a series of equally 
spaced increments, and the counts accumulated at each current setting were 
recorded on an electric typewriter. To get good statistics and to check on 
reproducibility of the results, repeated scans were made over the Auger region, 
using the thinner source. The focussed electrons were detected in a con- 
tinuous flow proportional counter with a 900 ug/cm? mylar window coated on 
its inner surface with a conducting film of colloidal graphite (Aquadag) of 
100 ug/cm? to prevent charging. 

The A-LL Auger spectrum of ¢2Sm™ obtained with the thinner source is 
shown in Fig. 1, plotted on a linear scale. The data were also plotted on a semi- 
log scale after the background and 6-ray continuum contributions had been 
subtracted. The contributions of the low-energy tails to neighboring lines 
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Fic. 1. The K-LL Auger spectrum of ¢2Sm"*. Seven lines were observed as indicated by 
solid lines. The positions of the additional two satellite lines predicted by Asaad and Burhop 
but not resolved in these experiments are indicated by dashed lines. 
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were estimated from the semilog plot where it is easier to compare line shapes, 
as discussed by Ewan et a/. (19596). The spectrum obtained from the thicker 
source was similar, although all lines had much more prominent low-energy 
tails due to energy degradation in the source material. 

The measured energies and relative intensities of the Auger lines are listed 
in Table I. The errors in the energies allow for the apparent fluctuation 


TABLE I 


Comparison of experimental and theoretical energies and relative intensities of K-LL Auger 
lines in g25m1?® 


Relative intensities 











Energy, kev Theoretical, Z = 62 Experimental 
Transition Exptl. Theor. (a) (b) 625m 152 oiGd!5"(c) 
L,L,('So) 31.20+ .02 31.14 1.0 .70 1.0+0.05 1.0+0.07 
L,L2('P;) 31.62+ .02 ol. oe 1.34 .94 {1.39+0.06 1.40+0.10 
L,L.(°Po) 31.60 0.047 .033 | 
LoL (So) 32.01+.02 31.95 0.18 13 0.26+0.06 0.27+0.07 
L,L;(*P;) 32.19+ .02 32.14 1.82 1.28 1.18+0.06 1.11+0.09 
L,L;(*P2) 32.25+ .02 32.20 0.24 a 0.29+0.09 0.19+0.09 
LoL 3('D2) 32.614 .02 32.55 4.47 3.14 3.14+0.13 3.08+0.18 
L3L3(*Po) 33.13 0.25 18 
L3L3(°P2) 33.22+ .02 33.16 1.98 1.39 \1.3940.06 1.28+0.09 





Norte: (a) Normalized to the experimental value for the 1:Li('So) line. 
(b) Normalized to the experimental value for the L3.3(*P2) line. 
(c) Ewan and Merritt (1960). 


(counting statistics and earth’s field variations) in the position of the peaks in 
successive runs of 5 parts in 10°, uncertainty in calibration due to source 
positioning (1 part in 10‘) and a possible error in the absolute cancellation of 
the earth’s magnetic field of ~5X10-* gauss which would result in a shift 
of the zero of the momentum scale vs. coil current. These effects give a standard 
deviation in the absolute energy measurements of +20 ev. 

The relative intensities of the lines were obtained by measuring the areas 
of the lines after subtraction of the contribution of neighboring lines. The 
shape of the K-—Z,L, line was used in estimating these contributions. The 
measurements were corrected for the variation in transmission of the counter 
window which increases from 62% at the K—L,JZ line to 65% at the K—L3;L; line 
(Geiger et al. 1960). Although the absolute value of this correction may be in 
error by several per cent, the relative correction in this region is only 5%, and 
is believed to be accurate to ~1%. The errors quoted for the intensities of the 
five intense lines are standard deviations deduced from counting statistics 
only. For the two weak lines an additional error is included to take account of 
the uncertainty in the subtraction of contributions from neighboring lines. 
The intensity values listed in Table I are those obtained with the thinner 
source. The results from the thicker source were similar except for an in- 
creased error due to the increased uncertainty in the subtraction of the low- 
energy tails of neighboring lines. 
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DISCUSSION OF RESULTS 

(a) Energies of Lines 

The measured energies are compared with the values predicted by Asaad 
and Burhop for Z = 62. Recent measurements of the Kay and Ka; X-ray 
binding energies by Bergvall (1959) have shown that the K-L, and K-L; 
energy differences are 39.523 and 40.118 kev respectively. In computing the 
theoretical values these differences have been used together with the Z;—L; 
energy difference and the absolute value of the Z; binding energy listed by 
Wapstra et al. (1959). The measured energies are all ~ 50-60 ev higher than 
those predicted by Asaad and Burhop, although the relative spacings of the 
lines are in good agreement within the experimental accuracy. A similar dis- 
crepancy of ~ 50-60 ev is also observed for the K—LL Auger lines in Gd'*@ 
(Ewan and Merritt 1960). These discrepancies in the absolute energies are 
significantly larger than the error in measurement and may indicate the 
effect of approximations implicit in Asaad and Burhop’s formulation or an 
uncertainty in the absolute values of the binding energies. 


(b) Relative Intensities 

The relative intensity values could be affected by the presence of weak 
conversion lines coinciding with the K-LL Auger lines. However it is very 
unlikely that such lines, corresponding to unreported y-transitions, would 
occur at the same position in the Auger spectrum for two neighboring nuclides. 
In Table I our present results are compared with the relative intensities of the 
K-LL Auger lines in Gd" observed in a study of the 8-decay of Eu® (Ewan 
and Merritt 1960). The agreement between the two sets of results indicates 
that neither set is being seriously affected by unreported conversion lines. 

The results are also compared in Table I with the theoretical relative in- 
tensities for Z = 62 calculated by Asaad and Burhop (1958). The agreement 
with the theoretical values for Z = 62 is considerably better than for the case 
of Z = 94. This is presumably due to the fact that Asaad and Burhop’s 
calculations are non-relativistic and the relativistic effects are less important 
at the lower Z. However, the disagreement with the calculated intensities 
is still well outside the experimental error. It is of interest to note that if the 
measurements are normalized to the experimental value for the 1,1,('So) line 
as in column (a) in Table I the intensities of lines involving the L; shell are in 
disagreement with the theory. However the relative intensities of members 
of this group are in agreement as indicated in column (b) where the results 
are normalized to the experimental value for the Z;Z3;(°P»2) line. The present 
disagreement with theory probably indicates that relativistic effects are still 
important or that more rigorous wave functions have to be used in the cal- 
culations. 

It is of interest to note that the A—L,Z; satellite line predicted by Asaad 
and Burhop was again observed at Z = 62 as well as at Z = 94. The other 
two satellite lines, A-L,L2(°Po) and A—L;L3(°Po), expected theoretically were 
not observed as would be expected from the low-predicted intensity and close 
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proximity to intense lines, as indicated in Fig. 1. The observation again, at 
Z = 62, of a clearly distinguishable satellite line is clear evidence that the 
Auger effect cannot be correctly described in terms of pure j-j coupling. 
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DIFFRACTION BY A UNIDIRECTIONALLY CONDUCTING 
HALF-PLANE! 


R. A. Hurp 


ABSTRACT 


The problem of the diffraction of a plane electromagnetic wave by a uni- 
directionally conducting half-plane is solved by transform techniques. A com- 
parison is made with the results previously obtained by Karp. 


INTRODUCTION 

A unidirectionally conducting surface has been defined by Toraldo di Francia 
(1956) as a surface which is perfectly conducting in one direction, and per- 
fectly insulating in the orthogonal direction. Such a surface is an idealization 
of an array of narrow, closely spaced conducting strips. 

The problem of the diffraction of a plane electromagnetic wave by a uni- 
directionally conducting half-plane was solved recently by Karp (1957). 
A short time ago, the present author became interested in this problem, and 
not knowing of Karp’s work, obtained a solution by transform techniques. 
Since the transform approach seems somewhat simpler than Karp’s method, 
and since the answer obtained is readily reduced to known integrals, it was 
thought worth while to publish the work. 

In order to simplify comparison of the two results, the present paper 
adheres closely to Karp’s notation. A discussion of the results is given, and a 
comparison with Karp’s solution is made. 


DESCRIPTION OF THE PROBLEM 
A unidirectionally conducting half-plane occupies the region z = 0, x>0 of 
the (x,y,z) space. A second rectangular co-ordinate system (é,n,z) is set up 
which is related to the (x,y,z) co-ordinates by 


= §£cosa—7n sina, 
= £sin a+7 cos a, 
= Z, 


(1) 


ne & 


where a@ is the angle between the positive x and the positive & directions, 
—r/2<a< 7/2. 

It is assumed that the conductivity is infinite in the & direction. In the 7 
direction the conductivity is taken to be zero. 

Upon the screen there is incident a plane electromagnetic wave, whose 
electric components are given by 

‘Manuscript received October 5, 1959. ; y 
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= i(k-r—w) 
(2) E® = Ae ; 


where 
k = {ki,k2,Rs}, 
r= {x,y,z,}. 


The total fields are denoted by E, H, and the scattered fields by E“, H™. 
It is required to find the fields, E, H, which satisfy the following boundary 
conditions: 


(3) E: = 0 on the screen, 
(4) E, continuous across the screen, 
(5) H; continuous across the screen. 


In addition, it is necessary to postulate that the various field components 
have singularities of order less than or equal to p~? where p is the distance to 
the edge of the screen. 


SOLUTION OF THE PROBLEM 
Since the current flow on the screen is in the & direction, one expects that 
the scattered fields can be derived from an electric Hertz vector TI'® with a 
single component II'’. This choice gives H® = 0, and hence satisfies eq. (5). 
Furthermore, since the unidirectionally conducting screen can be regarded 
as a limiting case of a planar array of closely spaced conducting strips, the 
symmetry relations 


(6) H3)(z) = —H;*}(—3), 


(7) Esy() = Ex'y(—2), 
must hold. Note that eq. (4) is satisfied in virtue of eq. (7). 


A Hertz vector of appropriate form is 


nm = {11;”,0,0} 
with 
(8) ne” = J “flw)ettt72 Gay, 
where | 


B2 = x*—w?, 


2 = k?—k?, 


* 
ll 


k = free space propagation constant. 


The (+) and (—) signs refer to the regions z > 0 and z < 0 respectively. 
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Making use of eq. (1) and of the relations 
EB? = VXVxXR, 
H‘? = —ikceo (VX), 


c being the velocity of light in vacuum, one finds that 


(9) E}? = J P(w)f(w)et***2"*9? day, 
(10) Hi = +kceo J Bf (w)e 2 t#2YF? day, 
where 

(11) P(w) = B?+ (ke cos a—w sin a)?. 


The boundary condition FE; = 0, together with eqs. (2) and (9), implies that 


(12) | P(w)f(w)e""dw+ A; e"” = 0, forx > 0. 


Equation (12) will be satisfied if P(w)f(w) has a simple pole with the proper 
residue at w = k,;* and if P(w)f(w) is regular elsewhere in the half-plane 


Im(w) >—6,6 > 0. 


Therefore 
be R* (w) 
: I (apy ) =o 
(13) P(w)f (w) oa 
(14) Rt(ky) = iA, ‘Qn, 


where R+(w) is regular for Im(w) > —6. 


Continuity of H{® (i.e. H®) for x < 0, z = 0 leads to 


(15) | Bf(w)e""dw = 0, forx < 0. 
Hence 
(16) Bf(w) = R-(w), 


where R-(w) is a regular function of w for Im(w) <6. 
It follows that if f(w) is eliminated from eqs. (13) and (16), then 
Pw)R (w) _ R "(w) 


(17) 3 ——— = oA” for 6 > Im(w) > —6. 


*It is assumed that Im(k) > 0, and that Im(x) > 0. The pole at w = , will lie either above 
or below the real axis depending upon the angle of incidence. The analysis is here carried out 
for Im(k,) > 0; the contrary assumption leads by a similar analysis to the same form for 
f(w). 
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Now, from eq. (11), P(w) is a quadratic function of w, and can be written 


P(w) = —(w—ct)(w—c ) cos* a, 
where ct = kseca—k, tana, 
c~ = —kseca—k, tana. 


For —2/2 <a < w/2 it may be shown that 
Im(ct) > Im(x) and = Im(c-) < Im(—x). 
Hence eq. (17) may be written as 


_ (w—c*)R (w) cos’ a a R* (R,)V(k+h,) 





ee ign ke) 
_ 1S Rew) (c+w)_ R(R)V(«th,) | 
~ w—k, | w—c k,-c f- 


The left-hand side of eq. (18) is regular in Im(w) < 6, the right-hand side is 
regular in Im(w) >—6. Therefore each side is equal to a function R(w) 
regular in the entire w plane. Furthermore, by using the radiation and edge 
conditions it may be readily shown that R-(w) is bounded as |w!—>o, for w 
in the lower half-plane, and that w~'R*(w) is bounded as |w|—>@ for w in the 
upper half-plane (see Baker and Copson 1950, pp. 173-174). 

This being the case, one finds that R(w) = 0(w?) for w in the lower half- 
plane, and R(w) = 0(w~*) for w in the upper half-plane. Thus by the extension 
of Liouville’s theorem, R(w) = 0. 

It follows that 
(19) tii aS R* (RV (K+, )-v/(x—w) sec’ a 

(w—k,)(w—c')(k,—c ) 
Hence using eqs. (8), (14), (16), and (19), the solution of the problem is found 


to be 


_ 1Ag(k,—c )V (Kk +h,) , _ ere 
J_,. (w—k,) (w—c" )V (k+w) * 


2 () 
ts 7" 2a P(k, ) 


REDUCTION OF THE SOLUTION 


On using partial fractions, eq. (20) may be written as the sum of two 


integrals 
> i(wr+koy+Br) ‘ 
sig gi eS ee 
” 1 | ~ - ¢ dw, 
) é o a na (x+w) ] w—k, w—C { at 
= C(I,—TI,), 
where 


iAg VV (K+k,) 


25 Ete) 
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I, is recognized as integral encountered in the ordinary half-plane 
problem, and as shofn by Copson (1949) and Baker and Copson (1950, 
pp. 139-140), can be reduced to Fresnel integrals. Putting x = pcos 49, 
z = psin ¢ one finds 


(22) l= of elikawtnls) 4 piso cos + FY _~ /2x9 sin 3(¢+0)] 
ei? 8 FOF —/2xp sin 3(9—8)]}, 


where F(a) = J e* dn, 





and 6 = cos '(k:/k), 0<6<7. 


I. has the same form as J; and may be reduced in a similar manner. 


(23) Tow 24/ etartals) 9 tae cos (+R —~/2xp sin 1(o+iyp)] 


+e? 8 OY FL— V/2ep sin 3(¢— iP) ]}" 
where 
w = cosh! (ct/k). 
The complete solution is then 


et (kau—#/4) J 


—A; ett? cos O+ Fy Qxp sin 3(¢+0)] 
\ 


(s) _ € ¢ 
(24) TI’ = Pik) re 


eit? 8 FT _~ /2xp sin 3(¢—6)] 


ee 


k k Kp cos Wr ars L 
= 4/ SEB ie Sap in H(4-+i0) 














eit? 8 WET _~ /2«p sin 4(o— wn}. 


LIMITING BEHAVIOR OF THE SOLUTION 


For large values of its argument, the Fresnel integral may be approximated 








by 
: : ‘ pn bay: eee a 
25) F(a+ib) ~v/re' “3@4i5)' ifa>1; 
— jeitat mr? 
(26) F(a+1b) = 2(a+ib) , ifa<-—l. 
When the real part of the argument is small 
(27) F(at+ib) ~ Vre™*+0(a)+0(0'), if ja] K1,b6>1; 


*Fresnel integrals of complex argument have been tabulated by Clemmow and Munford 
(1952). 
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(28) F(a+ib) ~ 0(a)+0(0-'), if |a|<K1,b«K—-1; 
providing that |ab| <1. 


The asymptotic behavior of J; for large p is found from eqs. (25) and (26) 
with 6 = 0. There are three regions of different behavior: 


. = 1 i 2 « , 
(’) i ~ Fes e [kev+Kp cos (¢— a : 0 a ¢ < 6: 
(72) h~ fh, 6< p< 27-8; 
9 . itkey+ap cos ) , 
(777) los Pr, aa 0 00 ON Ii, 27-O0< @< 27 
1 
where 


Ty = 24/7 @/2  ictay—r/At«0) 
p xcos ¢—k, ; 


Region (7) is the geometrical shadow in which the dominant part of J; produces 
an EY which cancels EY. In region (iz) there is no component of scattered 
field of the same magnitude as the incident field. This is the region of uniform 
illumination. Region (zz) is the reflection zone in which J, produces the 
ordinary reflected wave. 

Next consider Jz. For p>, the real part of —+/2xp sin }(¢+iy) is large 
and negative, except in the vicinity of ¢ = 0 or ¢@ = 2 

If these regions are excluded, application of eq. (26) gives 


/ . 1 
Tr sin 3@ i(koy-+«p—m/4) 
29) In 24/ = HI ig rel” 2r7—-e>o>€. 
( p Kcos ¢—c ee? 


On the other hand, when @¢ is so near zero or 27 that xp sin@<1 when 
p>>1, then providing y is not too small, eqs. (27) and (28) are applicable. It 
is found that 


(30) hx Fara * ¢ gare 91 4.0(p4) +0(4), o<€; 
(31) l= eee 5) eilkautae cos (+14 Q(p-4)+40(2—- 4), > Ie—< 


This surface wave has the following characteristics: 

(¢) it is exponentially decreasing with increasing |z}, 

(iz) it proceeds in a direction given by y = tan! (k2/c*), y being measured 
from the positive x axis 

(iti) it is a slow wave whose propagation velocity is v = kc(k2+ct’)-3, 

(iv) it has both E; = 0 and H; = 0 


COMPARISON WITH KARP’S SOLUTION 
In the notation of the present paper, Karp’s solution may be written 


Ag «tk etikav—/4) (Ji—Js), 


9 (s) on 
(32) Il; P(ki) 2 


where 
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er 
esene ; = dx 
(33) J, = e*" | e'*P0-*170) sin (A tan’ z/x,) —*, 
“oP V Po 
ictr i(xpo—c*+z0) _: 1 —1i é dx, 
(34) Je=e e sin (4 tan s/x,)-—~ , 
a V Po 


in which 
2 21 9? 
Po = Xt". 


The two solutions will be identical if it can be shown that 


si; i(key—m/4) 

Sg) ae a eB 2 ; 
2/4 

ils —i(koy—m/4) 

Jy me See. tee, 
2/4 


Actually, it will be shown that the J’s are the negative of the above quantities 
involving the J's. The difference of sign is attributed to an error in Karp’s 
work. (Karp’s eq. (15) follows from his eq. (14) only by changing the sign of 
Ee.) 


In J; the change of variable x» = z sinh ¢ is made. 


esinh~! (2/2) 
tkiz | é iz(k1 sinh t — « cosh ¢) 
e 


(35) A=4 ze 


(cosh $¢—sinh 3t)dt. 


—ox 


Now putting 
k, = ks sinh 7, and x = k3 cosh 7, 


and making the change of variable t—7r = s, one finds 


wa 
2c /% : k ikgz cosh : . 
(36) J, = 4 5 (cosh 37—sinh 3r)e"” | e** ©" (cosh 3s —sinh }s)ds, 
_ e/ 


with 
a = sinh~'(x/z) —sinh~!(k,/k3). 


In eq. (36) put y = V2k;z sinh $s in the first term, and _ put 


v = V2k32 cosh $s in the second term, giving 


1 j »V2k32 sinh 4a ‘ 
> eouman ( : ik ikg2 i 
(37) J, = i (cosh 47—sinh }7)e""” Ve ' J e’ dv 
3 —c~ 


a—V2k3z cosh 4a 
— ikg2 
+e | 


edo , 


It can be shown without difficulty that 
V 2hos sinh 3a = —V 2p sin 3(¢—8), 
V 2hyz cosh 3a = V 2p sin 4(@+8), 


and 
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cosh $7—sinh 37 = V/ +, : 
K 1 





Therefore, 
seb 1 = J J alan 
(88) Ju = Veg ye 8 PO FL— V2ep sin 3(6-+8)] 


+ ,* cos eo. \/2xp ein 1(¢—6)] ‘. 
Comparing this result with the expression for 7, (eq. (22)) gives 


: —tl, ~iey—e/4 
(39) fim eotg eer, 
2/4 
which is the result desired. The reduction of Jz proceeds along similar lines, 


and there is no necessity to carry it out here. 
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THE INFRARED FUNDAMENTAL BAND OF LIQUID 
AND SOLID HYDROGEN! 


H. P. Gusu,? W. F. J. Hare,’ E. J. ALLIN, AND H. L. WELSH 


ABSTRACT 


The infrared fundamental band of liquid and solid hydrogen was investigated 
over a range of para-concentrations from 25% to 100% with a prism spectrometer 
and, in part, with a grating spectrometer at a resolution of ~0.2 cm~!. The 
spectrum of the solid shows (a) comparatively sharp Q, S(O), and S(1) lines due to 
quadrupolar interaction, (b) broad bands interpreted as combination tones of 
the molecular frequencies with the lattice frequencies (phonon spectra), and (c) 
weak double transitions of the type S,(0) +50(0). At high resolution the quadru- 
polar S(O) and S(1) groups show weak single transitions, S,(0) and S,(1), and 
much stronger double transitions of the type Q:(J) +So(J), J = 0,1. In pee para- 
hydrogen the lines become very sharp and the double transition, Q1(0) +So(0), 
shows a complex structure; the observations are in good agreement with the 
theory of the rotational and vibrational levels of solid parahydrogen by Van 
Kranendonk. The quadrupolar Q branch shows a structure which is interpreted 
as double transitions of the type Q-6;, where the 6; are the small changes in 
energy due to the orientational transitions of two ortho-molecules. The phonon 
spectra show a maximum at the Debye temperature of the solid, and, at higher 
resolution, a structure indicative of the various branches of the lattice frequencies. 
A long extension of the phonon spectrum towards high frequencies is probably 
due to multiple phonon creation. Double transitions, for which the cancellation 
principle in induced absorption does not apply, account for at least 98% of the 
intensity of the spectrum of the solid. 


INTRODUCTION 
The changes which take place in the fundamental band of the pressure- 
induced infrared absorption spectrum of gaseous hydrogen on passing to the 
condensed phases and the general features of the spectra of the liquid and 
solid have been described in a series of short communications (Allin e¢ a/. 1955; 
Hare et al. 1955; Gush et al. 1957; Allin et a/. 1958). In the present paper a 
detailed description of the band in the condensed phases, based on more recent 
work at higher spectral resolution, will be given. The Raman spectrum of 
solid hydrogen has been very important in unravelling the more complex 
structure of the infrared spectrum. The original Raman study of the solid by 
Allin et al. (1956) has now been supplemented by a high dispersion investiga- 
tion by Bhatnagar et al. (1960). Many features of the infrared and Raman 
spectra have been rendered intelligible by the recent theoretical study of the 
rotational and vibrational energy bands of solid parahydrogen by Van Kranen- 
donk (1959, 1960). 
EXPERIMENTAL 


The experimental arrangement for observing the fundamental band of 
liquid and solid hydrogen is essentially quite simple, since the band lies in the 
region 2.0-2.5 w and absorption path lengths of only a few millimeters are 


1Manuscript received November 17, 1959. 
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required. Two cryostats of somewhat different designs using liquid helium as 
the coolant have been employed; these are illustrated in Fig. 1. 

The cryostat shown in Fig. 1(@) was employed for temperatures in the 
range 22-10° K. Liquid helium, C, was contained in a glass vacuum flask, A, 
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Fic. 1. Twocryostats for infrared studies at low temperatures: (a) for temperatures above 
4.2° K, (b) for temperatures below 2.2° K. 
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and surrounded by the liquid air flask, D. Two parallel plane windows were 
cemented with Araldite on the inner wall of A in diametrically opposite 
positions. The outer wall of A was extended to form a crossarm in line with the 
windows, and closed by a second set of windows or by rock salt lenses, F. The 
purpose of the crossarm was to prevent condensation of atmospheric moisture 
on the outer windows. The absorption cell, B, was suspended in line with the 
windows and cooled by cold helium gas evaporating from the liquid. The rate 
of evaporation of the liquid helium, and hence the rate of cooling of the cell, 
could be controlled by the electric heater, E. Unless precautions were taken 
this method of cooling produced a vertical temperature gradient in the absorp- 
tion cell, which, although it facilitated the growth of a clear solid, made the 
temperature of the specimen rather indefinite. The absorption cell was there- 
fore enclosed in a heavy copper block with slots to permit the passage of 
radiation. In addition, the windows of the cell were made of synthetic sapphire, 
which has a relatively high thermal conductivity at low temperatures (Berman 
1951), and were attached to the pyrex spacer by Araldite cement. Commercial 
electrolytic hydrogen, purified by slow distillation in a separate cryostat, was 
admitted to the cell by an inlet tube extending through the top of the cryostat. 
By controlling the rate of boiling of the liquid helium, the hydrogen could be 
kept as a liquid or cooled to form a clear solid. The temperature of the hydrogen 
in the absorption cell was inferred from its vapor pressure, using the data of 
Woolley, Scott, and Brickwedde (1948). In forming the solid it was noted 
that the temperature of the surface of the liquid, as determined from the 
vapor pressure, was about 0.5° K higher than the fusion temperature when 
solidification began to take place, usually at the windows of the cell. The error 
in the measured temperatures is therefore of the order of 0.5° K in the range 
22-10° Kk; below 10° K the vapor pressure of the solid is too low to be used for 
temperature measurement. 

In the second cryostat, shown in Fig. 1(6), the absorption cell was immersed 
in liquid helium. This was used for observations on solid hydrogen at tempera- 
tures below 2.2° K, the transition temperature from liquid helium I to liquid 
helium I]; above 2.2° K the formation of bubbles in helium I precluded any 
absorption measurements. The liquid helium and the liquid air reservoirs were 
combined in a single four-walled vacuum flask; plane windows were sealed in 
the walls near the bottom, in such a way that light could pass through the 
liquid helium chamber without passing through the liquid air in the outer 
chamber. The absorption cell, B, a short cylinder of pyrex glass with plane 
ends, was first raised above the surface of the liquid helium and filled with 
liquid hydrogen; the hydrogen was then solidified and the cell lowered into 
position between the windows. The temperature of the hydrogen in the cell 
was assumed to be the same as that of the helium bath which could be measured 
from the helium vapor pressure. 

Observations were made on the absorption of normal hydrogen, pure para- 
hydrogen, and mixtures containing known proportions of ortho- and para- 
hydrogen. The latter were prepared by adding known volumes of parahydrogen 
to known volumes of normal hydrogen at room temperature and pressures 
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somewhat below atmospheric. Pure parahydrogen was prepared by liquefying 
hydrogen in a vessel containing a chrome—alumina catalyst (Grilly 1953) and 
allowing the liquid hydrogen to remain in contact with the catalyst for some 
hours. 

The absorption was first studied with a Perkin-Elmer Model 12C spectro- 
meter using a LiF prism and a PbS detector. Emission lines in the spectrum of 
the mercury arc, Edser—Butler fringes, and bands due to absorption by 
atmospheric water vapor were used to determine the frequency calibration of 
the recorded spectra. In later experiments details in the contours of the sharp 
components were resolved with a grating instrument, the Perkin-Elmer 
Model 98G, having as dispersing element a 62.5X62.5 mm, 600 line/mm 
plane grating; the detector was a cooled PbS cell. A prism monochromator 
limited the radiation incident on the absorption cell to a narrow wavelength 
range in the desired region of the spectrum. The frequency standards used 
here were visible and infrared lines from a neon discharge. The instrumental 
line width was 0.2 cm~. 

With both spectrometers the source of radiation was a commercial 750-watt, 
115-volt projection lamp operated at a current of 5.5 amperes from a stabilized 
a-c. power supply. The light was focussed on the absorption cell and an image 
of the cell formed on the slit of the spectrometer; this was in general accom- 
plished by a system of mirrors. In some experiments using the cryostat in 
Fig. 1(a), the outer windows were replaced by rock salt lenses; the first of 
these focussed the light on the cell while the second formed the image of the 
cell on the spectrometer slit. 


THE SPECTRA AT LOW RESOLUTION 


The absorption profiles in Fig. 2 show the gross changes in the shape of the 
fundamental band of normal hydrogen as the temperature is lowered from 
room temperature to 11° K. The two profiles for the gas, at 298° and 70° K, 
show that the various components of the band become sharper as the tempera- 
ture is lowered; this effect is a consequence of the longer duration of molecular 
collisions at lower temperatures. Further sharpening of the components is 
evident in the spectra of the liquid and solid, and new resolved features appear, 
particularly in the spectrum of the solid. 

The Q branch, which corresponds to AJ = 0, where J is the rotational 
quantum nutaber, has three components in the spectrum of the gas. The 
central component, Qg, which can barely be distinguished* in the cases shown 
in Fig. 2(a@), becomes a sharp line in the spectrum of the liquid and the solid, 
its frequency remaining close to that of the band origin, vo. The components, 
Qz and Qp, in the spectrum of the gas have been interpreted by Chisholm and 
Welsh (1954) as summation and difference tones, vot», where vp denotes the 
vibrational frequency of the hydrogen molecule and hy, is the continuum of 
kinetic energies of the relative motion of the absorbing molecule and its 


*The Qe component is evident only at high gas pressures where the broad Qp and Qp com- 
ponents are more widely separated, and is most clearly resolved for heavy perturbing molecules 
such as Ne or A (Hare and Welsh 1957). 
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Fic. 2. The fundamental band of normal hydrogen at low resolution in (a) the compressed 
gas, (b) the liquid, and (c) the solid. 


nearest neighbors. The difference tone, Qp, decreases rapidly in intensity as 
the temperature is lowered and is no longer apparent in the spectra of the 
liquid and solid. Qz, on the other hand, persists in the condensed phases as a 
broad continuum, which, in the case of the solid, must be construed as a 
spectrum of summation tones of vo with the vibrational frequencies of the 
crystal lattice. The Qg component thus constitutes a “phonon” spectrum of 
the solid. 

Only two of the rotational transitions, S(J), persist at very low tempera- 
tures; these are S(0), the J = 0-—J = 2 transition in parahydrogen, and 
S(1), the J = 1—J = 8 transition in orthohydrogen. The presence of these 
transitions in infrared absorption and in the Raman effect (McLennan and 
McLeod 1929; Allin, Feldman, and Welsh 1956) shows that molecular rotation 
is more or less unhindered in the liquid and solid. The S(O) and S(1) transitions 
appear in the spectrum of the liquid and the solid as groups of lines, in each 
of which one component, designated Sz in Fig. 2, is broad and similar in shape 
to the Qg component. It is clear that the S,(0) and Sp(1) features can be 
associated with summation tones of the type, vo+v(J) +», where v(J) indicates 
the frequency associated with a rotational transition. 

In addition to the S(0) and S(1) groups three weak absorption maxima, 
designated 2.5(0), S(0)+.S(1), and 2S(1) in Fig. 2, appear in the spectra of the 
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liquid and solid. These can be assigned to double transitions in which one 
molecule executes a rotation—vibrational transition and a second molecule a 
purely rotational transition in the ground vibrational state. The 2.S(0) transi- 
tion is most clearly apparent in the spectrum of pure parahydrogen (Allin 
et al. 1955). 

It is well-known that the infrared spectrum of hydrogen, which is forbidden 
for reasons of symmetry in the free molecule, appears in the compressed gas 
as a result of distortions of the electron distribution during molecular collisions. 
The theory of pressure-induced absorption in gaseous hydrogen (Van Kranen- 
donk 1958) shows that quadrupolar interaction is responsible for most of the 
intensity of the S lines and a small part of the intensity of the Q branch; the 
greater part of the intensity of the Q branch, on the other hand, is due to 
overlap interaction of the colliding molecules. From experimental evidence 
(Chisholm and Welsh 1957; Hare and Welsh 1957) it appears that the Qo 
component should be associated with quadrupolar interaction, and the Qz and 
Qp components with overlap interaction. It is therefore reasonable to assume 
that Qg and the other sharp lines in the spectrum of solid hydrogen are due to 
quadrupolar interaction; this view is borne out by the detailed theory of the 
rotational energy bands in solid parahydrogen by Van Kranendonk (1960). 

Solid hydrogen thus presents a very particular case of induced absorption. 
For the explanation of the quadrupolar lines, the solid can be considered in the 
first approximation as a set of freely rotating molecular quadrupole moments 
with a regular spatial distribution of their centers of mass on an hexagonal 
close-packed lattice. There is, however, a small dependence of the inter- 
molecular forces in solid hydrogen on the molecular orientations, and this 
anisotropic part of the molecular interaction prevents the molecular rotation 
from being entirely free. The fine structure of the quadrupolar lines, discussed 
in the next section, is a consequence of the anisotropy of the intermolecular 
potential. An explanation of the broad components of the spectrum of the 
solid would involve, on the other hand, a detailed theory of the interaction of 
the molecular vibration and rotation with the translational motions of the 
molecules, that is, the lattice vibrations of the solid. 


THE SPECTRA AT HIGH RESOLUTION 


The frequencies of the quadrupolar lines of the solid could be determined in 
most cases to within +0.1 cm~', and form the basis of the interpretation of the 
spectrum. If the molecular rotation in the solid were entirely free, the rota- 
tional structure of the Raman and infrared spectra could presumably be 
analyzed with the familiar rotational energy scheme for a free diatomic mole- 
cule. This procedure cannot, however, be carried out in detail because of the 
complexity introduced into the rotational states of the crystal by the aniso- 
tropic part of the molecular interaction. The perturbation and splitting of the 
energy states in the solid have also the effect that the infrared and Raman 
frequencies do not coincide exactly since the selection rules are not the same 
for the two types of spectra. The Raman spectrum, which is of course allowed 
even in the free molecule, is in general the simpler of the two. As a basis for the 
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analysis of the infrared spectrum we have therefore chosen the Raman fre- 
quencies Q,(0) = 4149.8 cm! and S$,(0) = 4485.8 cm of solid parahydrogen 
and Q,(0) = 4151.8 cm™ and Q,(1) = 4143.4 cm™ of solid normal hydrogen, 
as observed at high resolution by Bhatnagar et al. (1960); these frequencies 
are indicated by the solid triangles on the abscissa axis in Figs. 3 to 6 below. 
Additional frequencies occurring in the rotational analysis were calculated by 
using the values of B, and D, derived by Stoicheff (1957) from the Raman 
spectrum of the low pressure gas; these are indicated by open triangles on the 
abscissa axis of the diagrams. An additional complication in the frequency 
analysis is the fact that the frequencies observed in both the Raman and the 
infrared spectrum are somewhat dependent on the ortho-para ratio of the 
sample. This is particularly true of the vibrational frequency; for example, the 
Raman Q,(0) frequency has the value 4149.8 cm in solid parahydrogen and 
4151.8 cm“ in solid normal hydrogen. 


The S(O) Quadrupolar Lines 

It is convenient to begin the discussion of the quadrupolar lines with the 
S(0) transition. Figure 3 shows absorption profiles in the neighborhood of 
4500 cm— for a series of para-concentrations (C,) from 0.25 to 1; the absorption 
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Fic. 3. The quadrupolar S(0) lines of hydrogen at high resolution for a series of ortho- para 
ratios (C, = fractional para-concentration) with a path length of 1.0 mm at 1.9° K. 


intensity, (1/C,)logio(Jo/Z), is normalized to unit para-concentration. For 
normal hydrogen (C, = 0.25) the absorption consists of a weak component 
near the calculated frequency of the S(0) Raman line of solid normal hydrogen 
and a much stronger band at higher frequencies with two overlapping compo- 
nents. The two components of the latter band have been interpreted as double 
transitions in which one molecule makes the vibrational transition and a 
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second molecule makes the rotational transition in the ground vibrational 
state (Gush et al. 1957). The vibrational transition can take place in either a 
para- or an ortho-molecule, so that the double transitions can be designated 
Q,(0)+.S,(0) and Q:(1)+.S,(0).* The double transitions are separated in fre- 
quency from one another and from the single transition, S,(0), because of the 
rotation—vibration interaction. Frequencies of the double transitions calculated 
from the approximate constants and indicated by the open triangles in Fig. 3 
show a satisfactory agreement with the partially resolved components for 
normal hydrogen. As C, increases, the component Q;(0)+.So(0) gains intensity 
at the expense of Qi(1) +.S0(0), and the band shifts slightly to higher frequencies. 

The high intensity of the double transitions as compared with the single 
transition can be explained qualitatively as follows. Since solid hydrogen has 
an hexagonal close-packed lattice structure, any given molecule is almost, but 
not quite, an inversion center of the crystal. If the given molecule were exactly 
an inversion center the dipoles induced by it in its neighbors would cancel, and 
the molecule could not perform a transition. However, the cancellation does 
not occur if the rotational part of the transition takes place in a second molecule. 
The situation will be clarified. by a consideration of the simple case of three 
molecules shown in Fig. 4, in which the central molecule is an inversion center 
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Fic. 4. Illustrating the cancellation principle in induced absorption. The principle is 
operative for a single transition (a), but inoperative for a double transition ()). 


of the configuration. In (a) the quadrupole moment of molecule 2 induces equal 
and opposite dipoles in molecules 1 and 3. The vibrational transition dipoles 
are of the form, uw, « Qha, and uw, « Qsa3, where Q% is the rate of change of the 
quadrupole moment of molecule 2 with respect to its vibrational co-ordinate 
and a; and a; are the polarizabilities of molecules 1 and 3. As molecule 2 
rotates wand yw’, remain equal and oppositely directed so that their resultant 
is always zero. In (0) the transition dipoles induced in molecule 2 by Q; and 
Q; are of the form, ui, « Qias and ws, « Q:a; if there is no phase relationship 
between the rotations of 1 and 3, uw, and yw’, are independent and there is no 
cancellation effect. The double transitions (1,2) or (2,3) are therefore possible, 
the central molecule performing of course the vibrational transition. The low 
intensity of the single transition, S,(0), in solid hydrogen is thus a direct 


*To designate double transitions the usual spectroscopic nomenclature is modified by adding 
a suffix to the transition symbol to indicate Av, the change in the vibrational quantum number 
involved. 











184 CANADIAN JOURNAL OF PHYSICS, VOL. 38, 1960 


consequence of the hexagonal close-packed structure; if the lattice were cubic 
close-packed the single transition would be absent. The double transition, on 
the other hand, has appreciable intensity, since it depends on the strength of 
the interaction but not directly on the symmetry of the lattice. The absence 
of a cancellation effect for double transitions has been proved quite generally 
by Van Kranendonk (1957, 1959); it will be shown that the principle is very 
important for all aspects of the spectrum of solid hydrogen. 

If the interpretation of the strong component of the S(O) group in terms of 
the double transitions, Q;(1)+59(0) and Q,(0)+.$,(0), is correct, one might 
expect the integrated intensity of the component to obey the relation, 


f adv = aC,C.+6C;, 


where a = a(v) is the absorption coefficient and C, and G, are the fractional 
concentrations of ortho- and para-molecules, respectively. The observed 
intensities do in fact obey this relation very closely; the constants a and 8, 
which are proportional to the transition probabilities, have values in the 
ratio 3:1. 

The profiles in Fig. 3 show a remarkable sharpening of the components of 
the S(0) group as the para-concentration increases to 100%. In pure parahydro- 
gen the single transition, S,(0), has a half-width which is substantially equal 
to the spectral slit-width, 0.2 cm—; its intrinsic half-width must therefore be 
less than this. The double transition, Q:(0)+5)(0), for pure parahydrogen 
retains its rather large over-all width but shows a structure in which some 
eight components are resolved. 

According to Van Kranendonk’s theory (1959, 1960) of the rotational 
energy levels of solid parahydrogen the structure of the double transition 
arises from the fact that the rotational excitation is not localized on any one of 
the neighbors of the molecule which is vibrationally excited, but must be 
described by travelling rotational excitations. The theory gives an over-all 
width for the double transition band between 20 and 22.4cm-', in good 
agreement with the experimental value of ~ 22 cm~ (Fig. 3). The excitation 
of the upper state of the single transition, S,(0), is localized on one molecule 
so that the canceilation effect applies; the calculation shows that the intensity 
of the line is reduced to 1/46 of the value which it would have if the cancellation 
were not taken into account. The ratio of the intensities of the S,(0) and 
Q,(0)+.So(0) transitions is equal to (5S{/8S2) (Q”a?/Q?a’?), where Si and S: 
are lattice sums which can be evaluated. The polarizability constants a and 
a’ are known from experiment, and Q and Q have been calculated theoretically 
by James and Coolidge (1938). This theoretical value of Q, 0.45 ea?, is pro- 
bably fairly accurate since it is close to that obtained by Harrick and Ramsey 
(1952) from molecular beam experiments and by Kiss, Gush, and Welsh (1959) 
from the intensity of the pressure-induced rotational spectrum of hydrogen. 
However, the theoretical value of Q’, 0.30 eao, is much lower than the value, 
0.54 edo, obtained recently by Hunt (1959) from an analysis of the pressure- 
induced fundamental band of hydrogen gas. The ratio of the intensities of the 
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single and double transitions is 1:46 using James and Coolidge’s value of Q’ and 
1:14 using Hunt’s value. The measured value of the intensity ratio from the 
present high dispersion study is 1:15; the experimental value of Q’ given by 
Hunt is thus confirmed. 

With the addition of even a small concentration of ortho-molecules the 
structure in the double transition becomes diffuse and the width of the single 
transition increases. The energy levels of the solid are thus clearly dependent 
on the ortho-para ratio, as is also evident in the Raman spectrum (Bhatnagar 
et al. 1960). This dependence is shown in a striking way when the detail of the 
absorption in the neighborhood of the single transition, $,(0), is studied in 
thicker crystals. Figure 5 shows the absorption in this region with a path 
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Fic. 5. The single transition, S,(0), at high resolution for a series of high para-concentra- 
tions with an absorption path length of 3.9 mm at 1.9° K. 


length of 3.9 mm instead of 1 mm as used for the profiles in Fig. 3. With an 
ortho-concentration of only 2% a whole series of weak components is observed; 
these are shifted from 5,(0) to higher and lower frequencies by amounts up to 
3cm7'. These satellites must arise from the perturbation of the v = 1, J = 2 
state of a para-molecule which has one or more ortho-molecules in its shell of 
nearest neighbors. As the ortho-concentration increases, the “‘pure’’ para- 
component, arising from absorption in a para-molecule surrounded by para- 
molecules, decreases in intensity and the pattern of the single transition as a 
whole becomes diffuse. 

The S(1) Quadrupolar Lines 


In Fig. 6 the variation of the S(1) group with ortho—para ratio is shown. 
The group consists of the single transition, S;(1), and two double transitions, 
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Qi(1)+So(1) and Q,(0)+.S(1), with frequencies close to those calculated from 
the Raman data. The frequency separation of the single and double transitions 
is greater for the S(1) than for the S(O) transition, so that even in normal 
hydrogen the single transition S,(1) is easily distinguishable. As the ortho—para 
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Fic. 6. The quadrupolar S(1) lines at high resolution for a series of ortho-concentrations. 


ratio decreases the Q;(1)+.So(1) transition decreases rapidly in intensity. With 
only 2% orthohydrogen present the Q;(0)+.So(1) transition alone is observed; 
the line has a half-width of ~ 1 cm~', and its frequency must be characteristic 
of an ortho-molecule surrounded by para-molecules. The intensity of the 
double transition obeys the relation, 


| adv = a'C.+08'C,C ‘ 


where the constants a’ and 0’ are approximately in the ratio 1:2.5. 


The Q Quadrupolar Lines 

The variation of the Q quadrupolar lines with ortho—para ratio in solid 
hydrogen is shown in Fig. 7. In normal hydrogen two rather broad maxima 
are present; although it seems probable that these should be associated with 
Q,(0) and Q;(1) transitions, their frequencies are higher than the corresponding 
Raman frequencies by 1.2 and 3.1 cm™, respectively. As the ortho-concentra- 
tion decreases the maxima become sharper, and at very low ortho-concen- 
trations three sharp components emerge. Finally, in pure parahydrogen no 
quadrupolar Q lines are present; this is understandable since in both the 
initial and the final state all the molecules are in the J = 0 rotational state 
and no quadrupolar interaction is possible. 

From the shift in frequency from the Raman values and the appearance of 
at least three components at low ortho-concentrations, it seems unlikely that 
the Q transitions observed are single transitions. Moreover, the Q branch as a 
whole at high ortho-concentrations has an intensity comparable with the 
S(0) and S(1) double transitions and much greater than the S(0) and S(1) 
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Fic. 7. The Q quadrupolar lines at high resolution for a series of ortho-para ratios with an 
absorption path length of 3.9 mm at 1.9° K. 


single transitions. The conclusion that the Q branch owes most of its intensity 
to double transitions is confirmed by the fact that the integrated intensity 


obeys the relation, 


J adv = a"C+B"C,C,, 


where a” and b” have values approximately in the ratio 3:2. 

The only general type of double transition which can be associated with the 
Q branch is that in which a purely vibrational transition in one molecule is 
accompanied by an orientational transition in one (or more) of its nearest 
neighbors. Since the para-molecules are in the J = 0 state, orientational 
transitions can occur only for ortho-molecules; this agrees with the expression 
given above for the integrated intensity, which contains no term in C*. 

The three lines observed in low ortho-concentrations (Fig. 7) at 4146.6, 
$153.0, and 4155.2 cm~ might be assigned tentatively to the double transitions 
O,(0) —6,, Q1(0)+6,, and Q,(0)+6,, where 6, = 3.2, 6, = 5.4, and Q,(0) = 
$149.8 cm. This value of Q,(0) is the same as the Raman value for solid 
parahydrogen, but this coincidence is not necessarily significant. The dif- 
ference tone, Q:(0)—6,, should have an intensity less than that of the sum- 
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mation tone, Q:(0)+6,, by the factor exp(—6,hc/kT), which has the value 
0.10 at 2° K; the observed relative intensities are in approximate agreement 
with this value. The transition, Q:(0)—6,, would, on the other hand, be too 
weak to be observed. 

At first sight the transitions, 6, and 6,, inferred from the experimental data 
might seem to be associated with two different orientational transitions of a 
single ortho-molecule. However, a simple calculation shows that, because of 
the hexagonal symmetry of the crystal, an orientational transition of a single 
ortho-molecule surrounded by para-molecules involves a change in energy only 
of the order of 0.1 cm. On the other hand, a pair of neighboring ortho- 
molecules can perform orientational transitions with changes in energy of the 
order of 6, and 6,; for these the quadrupole—-quadrupole interaction becomes 
operative and removes the ninefold rotational degeneracy of the pair. It there- 
fore seems probable that the lines observed should be associated with transitions 
of this type. If two ortho-molecules are indeed involved in the orientational 
transition, the intensities of the lines should show a characteristic variation 
with C, in the region of low ortho-concentrations. Unfortunately, the data 
obtained up to the present are too meager to confirm the hypothesis. It is also 
evident that the intensity of a transition of the type, Q:1(0) —6, should show a 
strong temperature dependence, but the present high dispersion results, which 
all refer to 1.9° K, cannot be used to check this point. It should be noted that, 
if the orientational transitions involve two ortho-molecules, the magnitude of 
the intensities observed at low ortho-concentrations would probably require 
some clustering of ortho-molecules rather than a random distribution; such an 
effect would not be inconsistent with the anomalies observed in the specific 
heat of solid hydrogen. 

At higher ortho-concentrations it is clear that different types of orientational 
transitions would be possible and the spectrum would become increasingly 
complex; thus, in Fig. 7, a considerable change in the shape of the profile is 
evident even with an ortho-concentration of 8%. Except at very low ortho- 
concentrations purely ortho-transitions of the type, Q:(1)+46, should also be 
present. The net result of the superposition of many different types of double 
transitions could then give in the case of normal hydrogen the observed broad 
intensity distribution with two maxima, the frequencies of which are somewhat 
higher than the Q,(0) and Q,(1) Raman frequencies of normal hydrogen. 

Further experiments are now in progress to check these more or less tentative 
conclusions on the origin of the structure of the Q branch in solid hydrogen. 


SUMMARY OF THE OBSERVED FREQUENCIES AND THEIR ASSIGNMENTS 


The frequencies of the maxima observed in the fundamental band of solid 
normal hydrogen are summarized in Table I, and those of solid 98% and 100% 
parahydrogen in Table II, along with the assignments deduced from the 
preceding discussion. The sharp lines in the spectra at high resolution could be 
measured with an error of about +0.1 cm~!. The broad maxima have for the 
most part a possible error of +1 cm, but the double rotational transitions 
(2.S(0), etc.), which were measured only at low dispersion, have a somewhat 
greater error. The Raman frequencies for solid normal hydrogen (Table I) and 
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TABLE I 
Frequencies and assignments for the fundamental band of solid n-He 








Observed frequencies, 














cm 
Transition Infrared Raman* Assignment 
Q 4146.5 4143.4 Q,(1) 
4153.0 4151.8 Q:(0) 
422: — Or 
S(0) 4484.5 (4488) 51(0) 
4497 (4498) Q1(1) +.S0(0) 
4503.5 (4506) Q1(0) +.S0(0) 
4547 — Sr(0) 
S(1) 4703.3 (4703) Si(1) 
4732 (4730) Qi(1) +.So(1) 
4738 (4739) Q:(0) +So(1) 
4770 — Sr(l) 
2S(0) 4835 (4843) S,(0) +.50(0) 
S(0) +S(1) 5060 (5058) Si(1) +50(0) 
5072 (5075) S1(0) +S0(1) 
2S(1) 5295 (5290) Si(1) +S0(1) 
*Measured by Bhatnagar et al. (1960). 
TABLE II 


Frequencies and assignments for the fundamental band of solid p-He 


Observed frequencies, cm™! 


Infrared 


- —_—_—_——__—— Raman* 
Transition 100% p-H2: 98% p-H:e Assignment 
Q 4146.6 Q,(0) —4a 
4149.8 O:(0) 
~~ 4153.0 Qi(0) +5. 
4155.0 — Q1(0) +6, 
4227 n.o.T - Qr 
S(O) 4483 .4 } 
4484.2 | 
4485.0 | 
4486.0 4485.9 } 4485.8 S,(0) 
4486.8 | 
4487.8 | 
4488.2 | 
4503 4503 
4504.3 | 
4506.6 | 4506.5 (4506) Q:(0) +So(0) 
4509.7 { 4510 
4510.6 | 
4514 | 4513 
4550 n.o. ~- Sr(0) 
S(1) — 4703 .8t (4703) Si(1) 
-- 4739.7 (4739) Q:(0) +So0(1) 
2S5(0) 4841 n.o. (4843) S1(0) +S0(0) 








*Measured by Bhatnagar ef al. (1960). 
TNo observations. 
tObserved in 75% p-Hs. 
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solid parahydrogen (Table II) are taken from the measurements of Bhatnagar 
et al. (1960); the frequencies which are not in parentheses are observed values 
and the frequencies in parentheses are calculated using the observed Q branch 
frequencies of the solid and the rotational constants determined by Stoicheff 
(1957) for the low pressure gas. It should be stressed that a difference between 
the infrared and Raman frequencies for a given transition does not represent 
experimental error, but rather a basic difference in the physical processes 
involved, i.e. absorption and scattering of light. The theory of the precise 
nature of these differences for the case of solid parahydrogen has been dis- 
cussed by Van Kranendonk (1960). 


THE PHONON SPECTRUM OF SOLID HYDROGEN 


The identification of the sharp lines in the spectrum of the solid allows some 
further insight into the nature of the broad components, Qz, S(O), and S,z(1). 
As pointed out above, these features of the spectrum must be assigned to 
combination tones of the molecular rotation—-vibrational frequencies with the 
vibrational frequencies of the crystal lattice. Phonon spectra do not appear in 
Raman scattering since the translational motions of the molecules in the 
lattice do not lead to a change in the polarizability of the crystal. 

We shall assume for the moment that the molecular frequencies involved in 
the combination tones which constitute the phonon spectra are the frequencies 
of single transitions. In Table III the frequency shifts, v™*, of the maxima of 


TABLE III 


Frequency shifts, v'3**, of the maxima of the phonon spectra 


vR'*, cm vt 


Qr—-Q.(0) Spr(O) —S1(0) Sr(1)—Si(1) Debye ymax, cm™ 


n-H» 71 63 67 
p-He 77 64 ~~ 


i 

63 
the Or, Sp(0), and Sg(1) components from the positions of the corresponding 
single infrared or Raman transitions are summarized. The shifts are all of the 
same order of magnitude, with an average value of ~ 68 cm~!. From the known 
values of the Debye temperature for solid normal hydrogen (Woolley ef al. 
1948) and parahydrogen (Mendelsohn, Ruhemann, and Simon 1931), 105° K 
and 91° K, respectively, one can calculate the values, 73 cm and 63 cm7!, 
for the maximum frequency, Ymax, of the Debye frequency distribution. It thus 
appears that the maximum of the phonon spectrum can be associated with the 
Debye ymax. The part of the phonon spectrum between its low frequency limit 
(at the corresponding molecular single transition) and the maximum is therefore 
a spectrum of the lattice frequencies of solid hydrogen. 

A notable feature of the phonon spectrum is the great extension of the 
profile beyond the maximum towards higher frequencies; Fig. 2(c) shows that 
there is detectable intensity at least 400 cm~! beyond the maximum. The 
probable explanation of this higher frequency part of the spectrum is that 
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multiple phonons can be created by the absorption of light. One would then 
expect secondary maxima to occur at frequency shifts of 2max, 3%max, etc. These 
are not very evident in the spectrum of normal hydrogen, but at least the first, 
at 2ymax, is readily recognizable in the Qg component of parahydrogen (Hare 
et al. 1955). 

The Debye frequency distribution of an actual three-dimensional crystal 
has, not one, but 3” branches, where 7 is the number of atoms per unit cell. 
The phonon spectra were therefore re-examined at high resolution in an 
attempt to detect structure which might have been missed in the low dis- 
persion work; the profiles obtained for the Sg(0) component in 25%, 75%, and 
100% parahydrogen are shown in Fig. 8. In 100% parahydrogen three maxima 
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Fic. 8. The phonon spectrum, Sp(0), at high resolution for a series of para-concentrations 
with a path length of 3.9 mm at 12° K. 


are well resolved; these have frequency shifts from S,(0) equal to 42, 58, and 
64 cm~'. The structure becomes less pronounced as the para-concentration is 
reduced and is not at all marked in normal hydrogen. A similar but less well- 
defined structure was also observed in the Qg component of pure parahydrogen. 

In principle the intensity of the phonon spectrum up to ymax could be repre- 
sented by a function of the lattice frequencies, vz, of the form 


I(vyz) = [M (vz)? X p(vz) 


where M(vz) is the matrix element of the combination transition involved and 
p(vy) is the distribution function of the lattice vibrations. Since the higher 
values of vy belong to the lattice modes with higher wave numbers and shorter 
wave lengths in the crystal, for these the relative displacement of adjacent 
molecules, and hence the change in dipole moment from induction effects, is 
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greatest. One would therefore expect M(v,) to be a smoothly rising function of 
vy, so that the maxima in Fig. 8 can be related with some certainty to maxima 
in the distribution function, p(vz). 

The three phonon spectra, Qz, Sp(0), and Sp(1), observed in the fundamental 
band are of course double transitions for which the cancellation effect is not 
operative. Thus, for example, Sp(0) = S:(0)+ 1 has a relatively high intensity 
although the single transition S,;(0) is very weak. There seems to be no a 
priori reason why phonon spectra should not be associated also with the 
double quadrupole transitions. Thus, one would expect to observe in the 
curves of Fig. 8 a second maximum in the phonon spectrum, shifted from the 
first towards higher frequencies by ~ 20 cm—, the separation of the single and 
double S(0) transitions. The weak maximum centered at ~ 4570 cm™ can 
perhaps be identified with such transitions, the diffuseness of the phonon 
spectrum resulting from the width of the quadrupolar double transition band. 

Although the main effort in the present work was concentrated on the 
quadrupolar lines of solid hydrogen, it is evident that the phonon spectra are 
of great interest and merit a detailed experimental and theoretical investigation. 


COMPARISON OF THE SPECTRA OF THE LIQUID AND SOLID 


In the first experiments on the fundamental band of liquid and solid hydrogen 
it was believed that the spectrum characteristic of the solid persisted in the 
liquid state at least 1° K above the melting point (Allin et al. 1955). However, 
when the experiments were repeated with precautions to insure only a small 
temperature gradient in the absorption cell, it became apparent that there was 
an abrupt change in the spectrum at the melting point. The components 
Sp(0) and Sp(1) are not resolved from the corresponding sharp S lines in the 
liquid spectrum (Fig. 2). Although the Qg component is resolved in the liquid, 
the overlapping of Qz and Qg is much greater in the liquid than in the solid. 
The single transitions, $;(0) and S,(1), are not observed in the spectrum of the 
liquid; this conclusion has been checked by high dispersion spectrograms. In 
spite of these differences the spectra of the liquid and solid show a remarkable 
similarity. The fact that the Qg component has a similar shape in the two 
cases shows that the intervention of the translational motion of the molecules 
in the absorption process in the liquid must be very similar to the intervention 
of the lattice vibrations in the solid. 

A comparison of the absorption profiles (6) and (c) in Fig. 2 shows that the 
total absorption intensity is nearly the same for the liquid and the solid. 
However, since the profile consists of sharp lines as well as broad bands an 
accurate value of the integrated absorption intensity cannot be obtained from 
low resolution recordings of the spectrum. On the other hand, the determination 
of the total intensity at high resolution would require measurements with 
several different cell thicknesses, since the absorption coefficient for the true 
profile varies over a great range. For this reason accurate intensity measure- 
ments are so far available only for those isolated features of the band which 
have been examined at high resolution. The most interesting of these is perhaps 
the S(0) group of quadrupole transitions in solid parahydrogen, containing the 
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single transition S,(0), and the double transition Q:(0)+5)(0) (Fig. 3, CG, = 
1.0). The measured integrated absorption coefficient for this portion of the 
spectrum is 0.45 X 10— sec~! cm’, where the coefficient is defined as 


4 ee Jo 
“e mid y (10g 1) ay 


in which N is the number of molecules per cm® and » is given in sec~'. The 
corresponding theoretical intensity calculated by Van Kranendonk (1960) is 
0.48 X 10-8 sec cm’. 

Perhaps the most interesting general result of the foregoing analysis of the 
fundamental band of hydrogen in the condensed phases is the great prominence 
of double transitions of various types, which include of course the phonon 
spectra. Thus, it is estimated from the experimental data for solid para- 
hydrogen that double transitions account for at least 98% of the total intensity. 
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A STUDY OF METHODS FOR OBTAINING HIGH RESOLUTION 
WITH A PAIR SPECTROMETER' 


G. A. BARTHOLOMEW, P. J. CAMPION, AND K. ROBINSON 


ABSTRACT 


Methods of improving the resolution and line shape of a flat magnetic field pair 
spectrometer with the aid of specially designed detector apertures are described. 
The performance of two such apertures is described in detail. The theoretical 
line shape and resolution for one type of aperture are calculated and compared 
with experiment. 


I, INTRODUCTION 


In the energy region above 1.02 Mev the process of pair production may be 
used for the measurement of energies and intensities of y-rays. The pair 
spectrometer, first described by McDaniel, von Dardel, and Walker (1947) 
and Walker and McDaniel (1948), employing 180° deflection of the pair 
electrons in a uniform magnetic field has been used by a number of workers 
(Rutherglen, Rae, and Smith 1951; Terrell 1950; Balzer et al. 1958; Knoepfel 
et al. 1959; see also the compilation by Bartholomew and Higgs 1958) and, 
where sources of sufficient intensity have been available, good resolution and 
considerable accuracy of energy measurement have been obtained. 

A full account of the performance of a pair spectrometer as an absolute 
instrument in the measurement of y-ray energies and intensities has been 
given by Kinsey and Bartholomew (1953). In that report the dependence of 
the shape of the y-ray coincidence peak, the resolution, and peak counting 
rate, on the various instrumental variables such as counter aperture dimensions 
and radiator thickness were described for an instrument using, as counter 
apertures, rectilinear slit jaws of the minimum thickness required to stop 
electrons in the energy range of interest, < 8 Mev. 

In the 180°, flat magnetic field pair spectrometer of conventional design, a 
broad radiator is mounted in an axial plane between the pole faces of an 
electromagnet. Pairs produced by y-rays incident on the radiator are detected 
in coincidence, after 180° deflection, by two detectors placed with their 
apertures in the plane one on each side of the radiator.* At relativistic velocities 
the sum of the moduli of the momenta of the pair electrons is essentially 
independent of the division of the total kinetic energy between the electrons. 
Hence it follows that the same magnetic field which transmits to the detectors 
electron pairs produced near the center of the radiator with nearly equal 
momentum division will simultaneously transmit electron pairs of the same 

1Manuscript received November 9, 1959. 


Contribution from Atomic Energy of Canada Limited, Chalk River, Ontario. 

Issued as A.E.C.L. No. 947. 

*A modification of this geometry involving a curved radiator has been described by Alburger 
(1956). This refinement which was suggested to improve the detection of a divergent y-ray 
beam emitted from a point source was not studied in the present investigation, in which 
well-collimated y-ray beams were incident normally on the radiator. 
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Fic. 1. Characteristics of peak shape obtained with thin counter apertures. Curve A shows 
the shape of the coincidence peak at 9 Mev. Curve B (Kinsey and Bartholomew 1953) gives 
the width of the coincidence peak at half maximum as a function of the slit width @ measured 
as a fraction of the distance d from the slit to the axis of the magnet. The points are experi- 
mental; the full line is a theoretical curve for 8 Mev. 
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total energy and the appropriate momentum division produced at other 
positions on the radiator. Since, moreover, as shown by Bethe and Heitler 
(1934), the distribution of the number of pair events as a function of the 
energy of the positron is nearly flat, at least for high y-ray energies, it- follows 
that (for slit jaws of minimum thickness) different parts of an extended radiator 
will contribute roughly equal amounts to the total counting rate, a fact which 
has been verified experimentally (Kinsey and Bartholomew 1953). 

The shape of the coincidence peak obtained with the use of thin slits is 
characterized by a sharply falling slope toward high magnetic fields and a more 
gently falling slope merging into a long tail toward low magnetic fields. A 
typical peak shape, which is essentially independent of y-ray energy, is shown 
in Fig. 1A. In Fig. 1B, a plot is given of peak width at half maximum as a 
function of aperture width for slits with thin jaws. This curve shows that the 
peak width approaches a limit of about 70 kev as the aperture width approaches 
zero, and the experimental points show that the peak width is nearly independ- 
ent of y-ray energy. It has been shown (Kinsey and Bartholomew 1953) that 
the peak shape may be calculated by assuming in the first approximation that 
the slits are infinitely long and of zero jaw thickness and later correcting the 
results for finite length and thickness. 

In the present report we describe two refinements of design of the counter 
apertures which lead to improvements in line shape and resolution (full width 
of a line at half-maximum intensity divided by the energy). One aperture 
design has the virtue that calculations of peak shape can be readily made for 
the case where the radiator is restricted to a point at the center of symmetry. 
It would appear to provide the optimum counting efficiency that can be 
achieved under these geometrical conditions. In practice this slit is useful only 
where very high resolutions are required ; for poorer resolution superior counting 
efficiencies are obtained with apertures which can be used with extended 
radiators. The second aperture described in this report is of the latter type. 


II]. SLIT DESIGN 


It is convenient to begin with the consideration of a point radiator and to 
modify conclusions at a later stage, where necessary, by introducing the 
extension of the radiator. For simplicity we consider the point radiator placed 
half way between the counters. As a further simplification, for theoretical 
consideration of slit design we ignore scattering and energy loss in the radiator. 

It may be easily demonstrated that the use of slits with thin jaws must lead 
to a tail of essentially unlimited length extending toward low magnetic fields. 
For simplicity, we consider only those orbits lying in the median plane of the 
magnet, Fig. 2. Let O be the point radiator and S; the positron slit of aperture 
width, a, at distance, d, from O. It is clear that the centers of curvature of all 
orbits passing through S; must lie within the band of width a/2 at distance 
d,2 from O. This band we shall call the domain of centers of curvature or dec. 
Orbits of positrons of momentum p, entering S; at a magnetic field H must 
have centers of curvature lying on the arcs A and A’ (of the circle with radius 
R, = p,e(Hc)— centered at O, where p; is the momentum of the positron, 
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Fic. 2. Geometry for thin slits and orbits of radius R, lying in the plane perpendicular 
to the magnetic field. The y-ray is directed along the Z axis. The band at y = d/2 is the 
domain of centers of curvature of all orbits which can reach the detector from the radiator 


at O. 


e is the electronic charge, c is the velocity of light, and #7 is the magnetic field) 
which lie inside the dec. The angle of emission, 6,, of the positrons with respect 
to the y-ray direction falls in the range m < 6, < m defined by these arcs as 
shown in Fig. 2 where cos m = (d+a)/2R, and cos nm = d/2R,. In order for 
coincidences to occur, similar restrictions must apply simultaneously to 6 and 
R_ for the paired electron. The maximum field at which coincidences can occur, 
Hy, is that for which Ry = R_ = d/2. 

Now, the coincidence counting rate in counts per quantum at a field H 
from a y-ray of energy a@ striking a radiator containing C atoms per square 
centimeter is* 


(1) I(a, H) = CI f fe (cos 6,, cos 0_, p+, a) d cos 0, d cos 6_ dp, 


where o represents the differential pair cross section and where the integrals 
extend over all values of cos 6,, cos 6_, and p, consistent with both R, and 
R_ simultaneously intersecting the dec for positrons and electrons respectively. 
We see, therefore, that since the dec extends indefinitely in the +Z directions, 
coincidences may in principle occur at all values of H below the maximum 
field, Ho. The relative magnitude of the counting rate at larger values of Ry, 
and R_, i.e., low H, is determined by the value of o at large 6, and 6_. In 


*We continue to restrict ourselves to two dimensions. 
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practice, for thin slits it is largely the decrease of o as 6, and 6_ increase which 
is responsible for the decrease in counting rate for values of H below the 
value corresponding to the maximum rate. The differential cross section ¢ 
is of such a shape that only modest improvements in resolution are obtained 
as the width a is reduced as shown in Fig. 1B. However, the finite thickness 
of the jaws of the slit limits the dcc for large R and this tends to reduce the 
relative size of the low-field tail. The dcc diagram corrected for slit jaw thick- 
ness, f, is shown in Fig. 3, in which the ratios a/d and t/d have been exaggerated 





Fic. 3. Type-1 slits showing the effect of the finite slit thickness on the domain of centers 
of curvature. The needle-shaped area includes the centers of curvature of all orbits which 
can reach the detector from O. 


for illustrative purposes. This reduction of the low-field tail is greatest at low 
y-ray energies where the mean angle, 64 is relatively large (Kinsey and Bar- 
tholomew 1953). The combined effects of the pair angular distribution at high 
energies and the finite slit thickness at low energies fortuitously produce the 
observed energy-independent line width (Fig. 1B). Slits of zero thickness 
would give much poorer resolution at low energies. We shall refer to the slits 
of Fig. 3 as type-1 slits. 

The dee diagram which is useful in determining the limits of integration for 
calculation of peak shape provides a simple graphical method of assessing the 
relative merits of different types of slit. For example, one type of slit (hereafter 
referred to as type-2) which has proved very useful experimentally is shown in 





SASL ENE RRLSNCreeeoeene ere 


SoS EERE TCI 


: 
| 
| 
| 
| 





BARTHOLOMEW ET AL.: METHODS FOR OBTAINING HIGH RESOLUTION 199 


Fig. 4. This slit has jaws some five times thicker than the maximum useable 
aperture width and the inner surfaces of the jaws are curved with a radius 
equal to d. The slits are mounted with their exit apertures in the plane of the 
radiator. It is apparent from the limited range of the dcc that this type of slit 
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Fic. 4. Type-2 slits showing the domain of centers of curvature. Both jaws are thick and 
are placed with one edge in the plane of the radiator. The aperture is curved with radius d. 
The ratios t/d and a/d are exaggerated for illustrative purposes. The broken lines indicate 
the positions of milled channels to reduce electron scattering. 


will produce a peak with only a small tail toward low magnetic fields. This slit 
has the disadvantage that, due to lack of symmetry in the shape of the dcc, 
line shape calculations, even for a point radiator, are very complicated. 

It is not difficult to see with the aid of the dcc diagram that, in the two 
dimensional case and for a point radiator, the slit design which gives the 
greatest transmission consistent with a high resolution and the smallest 
possible low-field tail is that shown in Fig. 5. The inner jaw of the slit is thin 
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Fic. 5. Slit giving optimum peak shape showing the domain of centers of curvature. The 

inner jaw is of minimum thickness. The outer jaw is curved with radius d. The ratio a/d is 
exaggerated for illustrative purposes. 











200 CANADIAN JOURNAL OF PHYSICS. VOL. 38, 1960 


and therefore, for all allowed values of R,, the range of integration over cos 04 
is as large as possible. The outer jaw has a radius of curvature d and thickness 
(8a,d)'/? where a, is the maximum required value of the slit width, a. For all 
values of a < ad, this jaw ensures that there will be a maximum contribution 
from orbits with R, = (d+a)/2 but no contribution from orbits with larger 
radii. The limiting emission angle 6, is given approximately by cos 6, = 1—6 
where 6 = a/d. Considering both electrons, no coincidences will occur for 
fields below the field Hpi, corresponding to Ry+R_ = d+a. Pairs detected 
at this field like those detected at H, must have equal momentum, fo, for both 
electrons. Specifically this field is Winn ~~ Hy (1—8). 

Because of the high degree of symmetry possessed by these slits the deriva- 
tion of an expression for the line profile is relatively straightforward. Following 
a procedure similar to that outlined by Kinsey and Bartholomew (1953) for 
the calculation of the line profile for thin slits, we may rewrite (1) including 
the limits of integration applicable to the two-dimensional slits of Fig. 5. 


et pal al 
(2) I(aw,6) = 2C | J | a(cos 64, cos 6_, a) d cos 64 d cos 6_dz 


0 l—-w+z J 1l—w—z 
where 
— Ho-H 
a * 
is the magnetic field parameter, 
; = |boxes| 
“| po | 
is the displacement of momentum from equal momentum division, and 
(=o for 0 <w < 6/2, 
= 6-—w for 6/2 < w < 4, 
= 0 for 6 < w. 


Turning next to consider directions of electron emission out of the YZ 
plane (Fig. 6), we derive the shape of the aperture in the XY plane which 
preserves the angular limits imposed by the geometry of Fig. 4 regardless of 
the azimuthal angles ¢,. The required geometry is clearly that which transmits 
all orbits which leave the radiator within a cone of apex angle 26 as shown in 
Fig. 6. We wish, therefore, to find the boundaries of the region containing the 
intersections with the XY plane of orbits which are emitted from O within 
the cone defined by cos 6, = 1—6. The co-ordinates of the intersection of a 
positron orbit with the XY plane are 


9 
(3) t= “bs< sin 04 cos¢, cot (tan 6, sing,), 





— 2P+e 
(4) Y+ = ~ ay 98 6. 
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Fic. 6. Type-3 slits showing limiting orbits transmitted for cos #m = 1—6. The inner slit 
jaw has minimum thickness and a rectilinear edge at a distance d from O. The radius of curva- 
ture of the outer jaw in the YZ plane is d while that in the XY plane is r°d/4. The thickness 
of the outer jaw is (8amd)!/2. 


In order to determine the shape of the inner slit jaw we consider the tra- 

jectories with cos 6 = 1—6 which are transmitted at Hyp. As mentioned 

above, such pairs have py = p_ = po. From eq. 4 the locus of the intersections 

with the XY plane of all positron trajectories satisfying these conditions is 

given by 

et 2poc 

(5) Y= “cHo . 

This value of y, is identical with that for the orbit which is transmitted at the 

highest field for which coincidences can occur, namely y, = d. Thus the inner 

slit jaw must be a straight edge perpendicular to OY at a distance d from O. 
In order to determine the shape of the outer jaw in the XY plane we consider 

the trajectories with ¢; = 0 transmitted at H = Hy. The locus of the inter- 

sections of these trajectories is given in the approximation a <d by the 


expressions 
(6) x, = = d(1+6) sin 6,, 
(7) y+ = d(1+5) cos 64. 


These equations define an ellipse which, in the same approximation, may be 
replaced by a circle of radius 
2 


wa 
(8) ae 


centered on the Y axis. The required aperture in the XY plane is then a 
segment of this circle of length x(2ad)!”. 

We are therefore led to a doubly curved outer slit jaw with radii of curvature 
md/4 in the XY plane and d in the YZ plane. It may be shown that to a good 
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approximation, the same curvatures are required in neighboring planes 
parallel to the XY and YZ planes respectively. Such an outer jaw, which has 
a cross section in the YZ plane identical with that in Fig. 5, coincides closely 
with the envelope of all orbits leaving O within the cone of apex half-angle 
cos~! (1—6). The acceptance solid angle defined by this cone is ~ 276 stera- 
dians. The positron beam transmitted by this aperture is illustrated by five 
limiting orbits in Fig. 6. We shall refer to this aperture as type-3 slits. 

In the absence of perturbing effects such as electron scattering, the line 
profile obtained in practice with type-3 slits is given by (2) with the function 
o representing the differential cross section for pair production for py = p-_, 
integrated over ¢, and ¢_. The differential cross section given by Bethe and 
Heitler (1934) with p, = po may be integrated over $4 analytically to give* 


Z'r >—— Dp 
(9) a(x,y,a) = ~Ba2s? 7 P(x,y,a), 


where 


4(S°+A)_ 


(S—y)?* (S—x)(S—y) 


4 1 | 1-x* | 1-y" 
Powe) = ($5) (Sy) olersee 


(S—sy) ° (S—3) 


Tt7 


= S+} +3- S(x+y), 


4((1—x*)(1—y’)}', 


2\? | 
l aie) dea : 
a 
and where x = cos 6,, y= cos6@_, a = hy/moc, and ro = e?/moc?. 

The line profiles, [(a,w,6)/C, for y-ray energies of 3 and 12 Mev calculated 
using (2) with Z = 79, 6 = 0.02, and o given by (9) are shown in Fig. 7. It is 
to be noted that, unlike the profile for type-1 slits, the low field side ol the 
peak has a slope comparable to or even greater than that of the high field side. 
The low field side intersects the w-axis as expected at nin, = Ho (1-6). The 
resolution is approximately one half the base width, i.e. 6/2. In spite of the 
large change in the angular distribution function (9) between 3 and 12 Mev, 
the two curves are remarkably similar, indicating that with type-38 apertures 
the line profile is determined largely by the slit geometry and only weakly by 
the differential pair cross section. That this is indeed the case is clearly demon- 

*It may be shown that negligible error is introduced by assuming that the differential cross 
section applicable at equal momentum division also holds for the small departures from equal 
division represented by the limits ¢ in (2). However, due to failure of the Born approximation, 
for the practical case of a gold radiator and low electron e nergies this formula can give only 
an approximate representation of the true distribution. 


At equal momentum division the energy differential, d/o, appearing in the original Bethe 
Heitler expression is related to dz by dE = a/(2.S?)dz. The factor a/(2.S*) is included in eq. 9. 
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12 Mev 





CROSS SECTION PER ATOM MILLIBARNS 
3 Mev 
CROSS SECTION PER ATOM BARNS 





Fic. 7. The theoretical peak shapes for a flat angular distribution (broken curve) and for 
the Bethe—Heitler (1934) angular distribution at 3 and 12 Mev (full curves) for type-3 slits 
with 6 = 0.02. Separate ordinates are given for the 3- and 12-Mev curves. The curve for the 
flat distribution is normalized to the same peak height as for the full curves. 


strated by calculating the peak shape for o(x,y,a@) = constant. The result of 
such a calculation is shown by the broken curve C in Fig. 7. As a consequence 
of this insensitivity to the angular distribution the resolution is given approxi- 
mately by 6/2 at all energies, a deduction which has been verified by calcula- 
tions at several energies between 2 and 20 Mev. It also follows that the line 
shape is relatively insensitive to processes which tend to distort the distribution 
such as poor y-ray collimation and inhomogeneities in the magnetic field. The 
net result of such effects is to reduce the transmission but leave the resolution 
unaltered. However, energy loss by scattering of the electrons in the radiator 
can cause a broadening of the peak. Scattering of electrons by the walls of the 
vacuum chamber and by the slit jaws and transmission of electrons through 
the jaws can of course also contribute to broadening. 

Figure 7 also gives the theoretical absolute cross sections, per atom of a gold 
radiator, for the peaks at 3 and 12 Mev. The theoretical absolute peak counting 
efficiency with a 5 mg per cm? gold point-radiator at 7.38 Mev for type-3 slits 
at 1.6% resolution is 1.2X10-° counts per photon which is to be compared 
with 2.4X10-7 counts per photon calculated by Kinsey and Bartholomew 
(1953) for type-1 slits and the same energy and resolution. The theoretical 
variation of the peak efficiency with energy for type-3 slits is similar to that 
calculated by Kinsey and Bartholomew for type-1 slits, the greatest departure 
being at 5 Mev where the ratio of the efficiency to that at 2.75 Mev is some 
15°% greater for type-3 slits than for type-I slits. 
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The preceding slit design is based on the assumption of a point radiator 
situated in the median plane half way between the slits. It is to be expected 
that contributions from other parts of an extended radiator will tend to broaden 
the coincidence peak. Some broadening is caused by the fact that, for pairs 
with unequal momentum division, the sum of the moduli of the momenta is 
not quite equal to that for pairs with equal momentum division. This effect 
and its bearing on the determination of the practical dimensions of the radiator 
are discussed in detail by Kinsey and Bartholomew (1953). Further broadening 
of the theoretical line shape will occur for type-3 slits because the slit jaws, 
which are designed specifically for a central point radiator, provide imperfect 
baffling for electron orbits originating elsewhere on the radiator. It is also to 
be expected that the peak counting efficiency will decrease as the point of 
origin of the pair is moved away from the center of the radiator. The magnitude 
of the latter effect is difficult to estimate theoretically and no attempt will be 
made to give such an estimate here. Some experiments which show the effect 
of the radiator size on the line shape are described below. 


Ill. EXPERIMENTAL ARRANGEMENTS 


The existing pair spectrometer (Kinsey and Bartholomew 1953) was used to 
test various properties of the three types of slit discussed above. The geo- 
metrical arrangement used for the comparison of type-1 and type-2 slits is 
shown in Fig. 8A. This configuration, with the exit apertures of the slits and 
the radiator placed on a diameter of the magnet pole face and the distance 
between the inner jaws of the slits equal to 22.675 cm, is the standard operating 
arrangement of the instrument. The type-1 slits were made of 0.15 cm thick 
gold, the type-2 slits of 1.3 cm thick Mallory 1000 Metal (a tungsten, nickel, 
copper alloy). Both were 3.2 cm long. Channels were milled in the type-2 slit 


DIRECTION OF GAMMA-RAY BEAM 








A B C 


Fic. 8. Arrangements for testing slit geometries. The full circles represent the poles of the 
magnet. The relative magnetic field strength as a function of radius in the median plane is 
shown by the broken curves. 
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jaws, as illustrated by the broken lines in Fig. 4, in order to reduce the scat- 
tering of electrons. The radiator was a sheet of gold ~ 5 mg/cm? thick 
supported by an aluminum foil 2 mg/cm? thick. Since the positions of the 
stilbene crystals were rigidly fixed it was not convenient to use an identical 
geometry to test the type-3 slits. For this purpose, two different geometrical 
configurations, Figs. 8B and 8C, were employed. In the B arrangement, which 
makes use of the same stilbene detectors, the radiator was displaced away from 
the pole diameter by 2.4 cm and the separation of the inner jaws of the slits 
was increased to 23.767 cm. The slit jaws were made of Mallory Metal, the 
inner jaw being 0.2 cm thick and the outer 3.1 cm thick. A channel milled in 
the outer jaw allowed the aperture size to be varied by sliding the outer jaw 
over the fixed inner jaw, as shown in Fig. 6. Other channels were milled in the 
outer jaw to reduce electron scattering. With the geometry of Fig. 8B, however, 
the region of the magnetic field traversed by the electrons was somewhat 
different from that for arrangement A. (The relative magnetic field strength 
as a function of radius is shown as a broken curve superimposed on each dia- 
gram in Fig. 8.) Therefore, in order to obtain a fair comparison of the perform- 
ance of type-3 slits under identical magnetic field conditions the third arrange- 
ment, Fig. 8C, was also employed. In this arrangement the separation of the 
inner jaws of the slits was reduced to 15.240 cm. Only type-1 and type-3 slits 
were compared in this geometry. Both types were made of Mallory Metal; 
the thin jaws were 0.2 cm thick and the thick jaws were 2.0 cm thick. For 
mechanical reasons, which prevented the use of light pipes in this arrangement, 
it was not possible to use scintillation detectors. These were replaced by small, 
thin-walled, flow-type proportional counters using argon and 10° methane 
at atmospheric pressure. For the arrangements A and B the maximum area of 
the incident y-ray beam was 8 cm by 5 cm with the long direction perpendicular 
to the magnetic field; for arrangement C the corresponding dimensions were 
8.0 cm and 3.8 cm. For certain measurements the effective radiator area was 
reduced by either stopping down the collimator or by reducing the size of the 


radiator itself. 


IV. MEASUREMENTS 

The test experiments were carried out with two objects in view. The first 
was to attempt to verify the concepts of slit design discussed in Section II. The 
measurement principally involved the comparison of the peak shape and 
resolution for type-3 slits with those predicted theoretically. In the very high 
resolution region it was difficult to make realistic comparisons owing to the 
presence of effects, other than slit geometry, which tend to limit the resolution 
and transmission in this region. Since the temporary arrangements used to 
test type-3 slits could not be adopted for normal operation of the spectrometer 
without major modifications, no attempt was made to determine experimen- 
tally the variation of either counting efficiency or toe correction* with energy. 
On the other hand, type-2 slits could be used for practical operation (see, for 


*See Kinsey and Bartholomew (1953) for a discussion of the toe correction which enters in 
absolute determinations of y-ray energies. 
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example, Knowles, Manning, Bartholomew, and Campion 1959). Unfor- 
tunately, as mentioned above, the theoretical line shape for type-2 slits is 
difficult to calculate and, in fact, no attempt has been made to compute it. 
Therefore, the second object of the test experiments was to determine em- 
pirically for type-2 slits the line shape, the variation of counting efficiency as a 
function of energy and resolution, the variation of resolution as a function of 
energy for a constant aperture width, and the magnitude and energy depen- 
dence of the toe correction. 


A. Type-3 Slits 

1. Line Shape 

The coincidence peak obtained at 9 Mev with type-3 slits, in the arrange- 
ment B of Fig. 8, is shown by the experimental points and the dashed curve in 
Fig. 9. For this measurement the aperture parameter 6 was 0.016 and the 
y-ray beam dimensions were 5.7 cm by 5 cm. The peak shape obtained with 
type-1 slits and slightly poorer resolution (1.0%) is shown for comparison, 
curve B. The type-3 slits clearly produce a peak with a more symmetrical 
shape and a much-reduced low-field tail compared with that obtained with 
type-1| slits. The comparison also shows that the high-field sides of both peaks 
have similar shapes. This result is to be expected since the inner slit jaw, which 
defines the electron beam transmitted at fields near Ho, is the same for both 
types of slit. The line shapes at 6.76 and 7.64 Mev were also examined and 
found to be similar to that in Fig. 9 at the same resolution. 

The theoretical line shape for 6 = 0.016 at 9 Mev calculated using (2) and 
(9) is shown as curve A, Fig. 9. Whereas the high-field side of the experimental 
peak agrees with the theoretical curve, both the maximum and the low-field 
sides are shifted to lower magnetic fields presumably because of the various 
effects discussed in Section 2 below. An example of the peak shape near the 
limit of resolution attainable with this type of slit and source strengths available 
from neutron capture y-rays is shown by the broken curve, Fig. 10. The peak 
was produced by the intense 6.76-Mev y-ray emitted in the Ti*(n,y)Ti*® 
reaction and was obtained with 6 = 0.0025 and a y-ray beam of dimensions 
5 cm by 1 cm in geometry B, Fig. 8. The resolution obtained was 0.37% which 
is to be compared with the theoretical value of 0.12% calculated for this 
aperture and a point radiator. It is to be noted that even at this high resolution 
the high-field slope of the peak agrees well with that expected theoretically, 
shown in Fig. 10 as a full curve. 

2. Resolution 

The experimental peak in Fig. 9 has a half width of 0.959% which is about 
0.15% greater than the corresponding theoretical curve, while in Fig. 10 the 
experimental peak is some three times wider than the theoretical curve. This 
loss of resolution and the appearance of a low-field tail are caused by pairs 


produced at points other than the center of the radiator, by scattering of 


electrons in the radiator and from the slit jaws, by energy loss in the radiator, 
and by the inhomogeneity of the magnetic field. Measurements with radiators 
of different areas suggest that the most important of these effects is probably 


the first. The mean energy-loss in the radiator is about 0.1%. The contributions 
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INTENSITY 


RELATIVE 


INTENSITY 


RELATIVE 





Fic. 9. The points are experimental results at 9.0 Mev for type-3 slits and radiator dimen- 
sions 5.7 cm by 5 cm with 6 = 0.016. The experimental peak shape for type-1 slits at similar 
resolution is shown by curve B. The theoretical peak shape for 6 = 0.016 and a point radiator 
is shown by curve A. 

Fic. 10. The points are experimental results at 6.76 Mev for type-3 slits with 6 = 0.0025 
and radiator dimensions 5cm by lem. The peak counting rate in this experiment was I|4 
counts per hour. The full curve shows the theoretical peak shape for 6 = 0.0025 and a point 


radiator, 
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from the other effects are more difficult to estimate but some reasons exist for 
assuming they are small. For example, it is to be noted that, in order for an 
electron of a given momentum to reach the detector, it must approach a type-3 
slit within a small acceptance angle. Therefore, electrons which undergo changes 
of direction by traversing non-uniform regions of the field tend to be eliminated 
and do not in general contribute to the broadening of the peak to the degree 
allowed by type-1 slits. An indication that the broadening caused by inhomo- 
geneities in the field is relatively unimportant is provided by the observation 
that the line shape for a given 6 obtained with the improved magnetic field 
conditions of Fig. 8C showed no improvement over those obtained with 
arrangement B. 

The variation of the resolution, W, as a function of 6 is shown in Fig. 11. 
The full curve shows the theoretical resolution (W = 6/2) while the broken 
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Fic. 11. Variation of the resolution W as a function of the aperture parameter for type-3 
slits. The points show experimental results for energy and effective radiator size indicated in 
the table. The full curve gives the theoretical variation W = 6/2, while the broken curve 
which corresponds more closely to the experimental points is given by W? = (6/2)?+-(0.004)*, 


curve is that obtained when a constant 0.4% is added in quadrature to the 
theoretical resolution. The open and full points represent measurements with 
effective radiator dimensions 5.7¢m % 5em and 5cm XK lem* respectively, 
where the first dimension in each case represents the length in the Y direction 

*This radiator was chosen as a compromise between the necessity for maintaining a reason- 
able counting rate and the requirement that the radiator be substantially smaller than the 
standard 5.7 em % Sem. Jt can be shown that contributions from parts of the radiator away 


from the median plane have a more serious effect on the peak shape than those in the median 
plane, hence the elongated shape 
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(Fig. 6). Since the latter is by no means a point radiator we may infer that most 
of the remaining width is also probably caused by the radiator area. 

The variation of the peak counting rate as a function of the resolution for 
type-3 slits at 6.76 Mev is shown in Fig. 12. The full curve which shows the 
theoretical dependence has been normalized to give the same peak counting 
rate at 1% resolution. The full points were obtained with arrangement B, the 
open points with arrangement C, Fig. 8. The discrepancy between the experi- 
mental results and the theoretical curve is, of course, caused by the same 
effects which caused the departure of the resolution from the theoretical value 
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Fic. 12. Variation of the peak counting rate as a function of the resolution 
slits at 6.76 Mev. The tull points were obtained with experimental arrangement 
open points with arrangement C of Pig. 8. The full curve shows the theoretical variation 
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in Fig. 11. The discrepancy is enhanced in Fig. 12 because those effects which 
spoil the resolution also decrease the peak counting efficiency and because, as 
mentioned earlier, there are additional effects such as imperfect y-ray collima- 
tion and magnetic field inhomogeneities which may reduce the peak intensity 
without seriously affecting the resolution. 


B. Type-2 Slits 

1. Line Shape 

The line shape obtained with type-2 slits adjusted to give 1% resolution 
(6 = 0.013) at 6.41 Mev is shown in Fig. 13. These slits produce a more 
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Fic. 13. Experimental peak shape obtained with type-2 slits at 6.41 Mev and 1% resolution. 


symmetrical line shape than that obtained with type-1 slits and, as with type-3 
slits, the low-field tail is much reduced. Similar line shapes are observed at 
other energies. 

2. Resolution 

A demonstration of the superiority of type-2 slits relative to type-1 is given 
in Fig. 14 in which are plotted the full width of a peak at half maximum, W, 
and the area, A, of a peak of unit height as a function of y-ray energy. The 
results are given for 6 = 0.009 for type-1 slits and 0.013 for type-2 slits. Under 
these conditions both slits give 1% resolution near 10 Mev. As the y-ray 
energy decreases, type-1 slits provide nearly constant line width, 100 kev, 
while type-2 slits maintain a resolution which is very roughly a constant 1% 
of the energy. Furthermore, in the case of type-2 slits, within the limits of 
error, the area of a peak of unit height is identical with the width at half 
























ne np nie eae Rem 





| 
| 





NTRS Pree oo 


22S SOIR RTECS RT SRR POR OTICTT CN CR RR IRIE ONE 


ep prenp 


ene 


2 PENS MOTTE, SIM RET RIEL npn me 





BARTHOLOMEW ET AL.: METHODS FOR OBTAINING HIGH RESOLUTION 211 


TYPE=! SLITS 








150 
> 
a 
x 
<= ee oe 
a 
= 
< 
l bh { 
OG SS Sa rh — or ¥ _ 
| t L 
T 
eee 1 i paar 1 wilbinaeas J 
4-0 6:0 8-0 10-0 
ENERGY Mev 
100 
3 we 
= 
< 
oa 50 
z 
=< TYPE-2 SLITS 
= 
O salb cactedientencde i 1 iat a a al 


4-0 6-0 8-0 10-0 
ENERGY Mev 


Fic. 14. The resolution, W (open points), and the area of a peak of unit height, A (full 
points), as a function of y-ray energy for type-1 slits with 6 = 0.009 and for type-2 slits 
with 6 = 0.013. 


maximum at all energies as expected for a near-triangular-shaped peak. On 
the other hand, for type-1 slits, because of the additional area in the tail, the 
value of .1 is some 25% greater than W. Thus, the superiority of type-2 slits 
in resolving complex y-ray spectra is derived not only from the improvement 
in the width at half height but also from the improved peak shape. An example 
of the improvement obtained at 3.918 Mev is shown in Fig. 15 where a reduction 
in W of almost a factor of three is achieved with only a 50% loss in peak 
counting rate. 

3. Energy Dependence of the Counting Efficiency 

The energy dependence of the peak counting efficiency for type-2 slits has 
not yet been investigated by the same methods that were used by Kinsey and 
Bartholomew (1953) for type-1 slits, i.e. by the measurement of the counting 
rates of y-rays whose absolute intensities are deduced by other means. Instead, 
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a less precise determination of the efficiency function has been made by a 
comparison of the counting rates obtained with type-2 slits and those obtained 
with type-1 slits for a number of y-ray energies. The results of such a 
comparison, giving the ratio of intensities for type-2 slits with 6 = 0.013 and 
type-1 slits with 6 = 0.009, normalized to unit ratio at 6.6 Mev, are shown in 
Fig. 16. Within the accuracy of the measurement the energy dependence of 
the peak counting efficiency for the two types of slit is the same although there 
is a suggestion, as shown by the straight line, that the energy variation for 
type-2 slits is possibly more rapid than for type-1. Since the absolute accuracy 
of the determination for type-1 slits is not high (Kinsey and Bartholomew 
1953) a more precise comparison is hardly justified. In making intensity deter- 
minations using type-2 slits we have assumed that the efficiency curve of 
type-1 slits applies and have increased the probable error attributed to it by 
5 to 10% to take account of the uncertainty of the comparison measurement. 

4. Toe Correction 

The energy dependence of the toe correction for type-2 slits was determined 
empirically by carefully measuring the extrapolated end point of the high-field 
side of the line for y-rays whose energies had been accurately measured using 
type-1 slits. Because of this comparison procedure the accuracy of energy 
determinations by type-2 slits is always somewhat less than that for type-1. 
Within the limits of error of the measurements the toe correction was found to 
vary linearly with energy according to the relation 


(10) AE = (0.005+0.001)E 
where E is the y-ray energy. 


C. The Efficiency—Resolution Functions for Types-1, -2, and -3 Slits 

‘The experimental variations of peak counting rate as a function of resolution 
for each of the three types of slit using a broad radiator are compared in Fig. 17 
for a y-ray energy of 6.76 Mev. Types-1 and -2 were used in geometry A and 
type-3 in geometry B of Fig. 8. These measurements show that for values of 
the resolution between 1.4% and 0.6% the type-2 slits are the most efficient 
while in the range below 0.6% it is advantageous to use type-3. Above 1.4% 
resolution types-1 and -2 would appear to give comparable resolution. The 
relatively poor performance of type-3 slits at low resolution (large W), in- 
dicated in Fig. 17, may be caused by the fact that the line shape depends more 
strongly on the point of origin of the pairs for type-3 slits than for the other 


two types. Unfortunately counting rates did not permit comparisons with 


radiators of smaller size and therefore it was not possible to check the theoretical 
conclusion that type-3 slits should give the optimum performance for a point 
radiator at all values of resolution. The effect of the field inhomogeneities on 
the line shape using arrangement B (Fig. 8) was studied in additional experi- 
ments using arrangement C, In these experiments the performance of type-3 
slits was observed to be similar to that in arrangement B indicating that the 


field effect was small. 
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Fic, 17. Relative peak counting rate as a function of resolution W for slits of twpes-1, -2, 
and -3. The curves were obtained at 6.76 Mev with geometries A and B of Fig. 8. The radiator 
size was 5.7 cm X 5 cm for all but the point at W = 0.37% for which the size was 5 cm X 1 em 


V. CONCLUSION 

By using specially designed counter apertures it is possible to improve the 
performance of a 180° flat field pair spectrometer beyond that attainable with 
conventional slits. Without attempting to give a rigorous proof we have 
argued that the type-3 apertures must provide the best performance, i.e. the 
ultimate transmission at any resolution, that can be achieved by a flat feld 
spectrometer with a point radiator coplanar with the detector apertures. For 
the present instrument, however, which employs a broad radiator, twpe-2 slits 
are found to be more practicable, although, unlike type-3 slits, it is difhcult 
to make line shape calculations for this design. In both types of slits a marked 
improvement in peak shape is achieved mainly by the reduction of the low- 
held tail which characterized the line profile produced by thin slits. In addition 
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the resolution is approximately constant with energy for both type-2 and type-3 
slits. It would appear that in applications where poor resolution and high 
efficiency are required, type-1 slits with a broad radiator are probably no less 
efficient than more elaborate types. For somewhat better resolutions it is 
advantageous to retain the broad radiator and use thick jaws such as type-2 
to reduce the low-field tail associated with the line profile. Still higher resolu- 
tions are obtained with type-3 slits and an extended radiator, while the highest 
resolutions can only be obtained with type-3 slits and radiators of small size. 
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KLEIN-DUNHAM POTENTIAL ENERGY FUNCTIONS 
IN SIMPLIFIED ANALYTICAL FORM! 


W. R. JARMAIN 


ABSTRACT 


A simple formula, based originally on the work of Klein and Rees, is developed 
for calculating potential energy curves, except near the dissociation limit, for 
electronic states of diatomic molecules. Classical turning points r;.2 are given as 


functions of vibrational quantum number (V =v+1/2), with coefficients 
depending on observed spectroscopic constants, in the form 


Si f 2 41/2 7 
le . StS: Te 5, 


r1.2(V) 


where 


_ 


S(V) =1+>> &V*; S(V) = > &V*: 


n=1 n=1 


1/2 
F =o Be v'*s,(V). 


le We 


For most states convergence is rapid, but as a rule more so for heavy molecules 
than for light molecules. Assuming it to be close to the ‘true’ potential, such a 
representation affords a convenient means of assessing the accuracy of the Morse 
or other empirical potential function. Morse curves have also been fitted by least 
squares to Klein—Rees turning points. 

Term-by-term comparison between the inverted Dunham series and an 
equivalent form of the above has led to the surprising discovery that if Dunham's 
small correction terms are neglected, Klein and Dunham potentials are mathe- 
matically identical. This is contrary to the generally held belief that the two 
should be used in mutually exclusive regions. In the present form these series 
exhibit better behavior over a wider range than a series giving potential energy 
as a function of internuclear separation. 


lL. INTRODUCTION 


In this laboratory’s continuing program of computation (Nicholls 1958) 
of Franck—Condon factors (Bates 1952) for diatomic molecular transitions, 
the Morse (1929) function has consistently been used as a vibrational potential. 
While its limitations are of course recognized, the Morse potential has the 
advantage of leading to exact solutions of the Schrédinger wave equation, and 
of providing vibrational wave functions whose overlaps can be integrated 
analytically if a simple, usually valid, approximation is applied (Fraser and 
Jarmain 19538; Fraser 1954). Moreover, for most electronic states, a Morse 
model has been found to represent adequately the vibrational energy levels. 

For some states, however, notably B°S> of CE, a Morse potential has 
appeared to be seriously in error. Consequently the writer was led to a study 
of the Klein- Rydberg (1982, 1L93L) method for constructing potential curves 

‘Manuscript received July 2, 1059 
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through Rees’s (1947) analytical treatment of it. Based on these authors’ 
work, new expressions were derived for the classical turning points in terms 
of vibrational quantum number, with the coefficients involving combinations 
of standard spectroscopic constants. The approach taken was more general 
than that of Rees, in that it was not restricted to an energy expression cubic 
in the vibrational quantum number. The resulting formulae have also facili- 
tated tremendously the calculation of accurate potentials, with the possible 
exceptions of those cases where only two vibrational constants are known, or 
the higher constants are insignificant. 

A corresponding power series expansion for potential energy as a function 
of internuclear distance was next set up. Rather unexpectedly, it was dis- 
covered that the modified Klein-Rydberg—Rees method produces a potential 
which is mathematically identical with Dunham’s (1932) first approximation! 
(Thatis, as is customary, Dunham’s Y;; are assumed to be given with sufficient 
accuracy by just the first terms of the respective power series in B?/w?.) It 
seems to have been fairly generally but erroneously believed before that the 
methods of Klein and Dunham are not equivalent; on the contrary that the 
former should be used for higher quantum numbers and the latter near the 
minimum. 

The principal purpose of this paper is to present formulae from which 
potential curves can rapidly be constructed over an extended range (usually) 
of vibrational quantum number 2, and to indicate applications that are being 


made or are contemplated. 


Il. DEVELOPMENT OF EXPRESSIONS RELATING CLASSICAL TURNING 
POINTS AND VIBRATIONAL QUANTUM NUMBER 

The modification to be described in detail here was developed a few years ago 
(Jarmain 1956). It should be emphasized, however, that recent re-examination 
of Klein’s (1932) paper has revealed that the working formulae given below 
can be derived from two of his equations.* 

For the maximum and minimum values, 7;.2, of the interatomic distance 
for a molecule vibrating with an energy U, Klein gives 
fp. .\? 
+f) +f 


(1 nav) = (2 
) 1,2(U) g 


where f and g are defined in terms of the auxiliary function 
S(U,«) = waite [w-EU. )} "dl 
a m(2u)? Jo F ; 
In this, £(/,«) is the sum of vibrational and rotational energies for any level 
up to U; action variable J = h(v+1/2); « = [J(J+1)h?]/822u; J is the rota- 
tional quantum number; yz is the reduced mass of the molecule; and J = J’ 
when E = U. Then 


*See Klein (1932), equations (13) and (18). 
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as " = 
f - 35] ee gr we 


Putting V = v+1/2 and differentiating under the integral sign, 


oo h ania le lal 
IU) = sr ap! ; [U-—E(V,x)} “dl 


h {= 1/2 
(U) == —— [U-—E(V,« “dV 
g( ) 2m (2u)' ; Ox [ ( x)] 
evaluated at x = 0 for the case of no rotation. The implication in writing V 
as the variable of integration is that the vibrational quantum number is not 
formally restricted to discrete values. 
Usually, for the vibrating rotator (Herzberg 1950), 


(3) E(V,x) = (we V—w.x,. V?+acyeVi—weeeVi+ ...) 
+[(B,J(J+1)-—D,J?(J+1)?+ ...] 





where 
B, = B.-a,.V+y.V?.. 
D,=D.4+8.V+... 
Thus, 


E(V,«) = (weV—wereV?+ .. .) +9x(Be—aeV+7eV?- «-) 
—g%x?(D,+8,V ...) 


in which g = 87?y/h?. For U, we, w.Xe, B,, etc., in wave numbers, and B, taken 
to the quadratic term, equations (2) can be written 


vials 
f=WN | [U— (w, V—w,.x. V+...) "dV 


0 
av 


av’ 
(4) g=% 1B [U—(w. V—wx. V+...) "dV—a, | V[(U—-(w.V 


v7 


a 
—weeV+..)MaV+r. | V"[U— (we V—wx.V'+ .. yrarl 


where N = (h/82°uc)'”? = r,Bi, and fand g are in C.G.S. units. These integrands 
become infinite at the upper limit, of course, but the integrals nevertheless 
exist. 

Although the following scheme can be perfectly general, suppose that the 
vibrational energy is satisfactorily represented by a quartic in V’. Then the 
radical expression appearing in equations (4) is 


(5) (U-—w.V+w,x, V?—w.y, V?+0.2,. V4)? = [(V’— V) F(V)} 
where 


F(V) = (we— were V’ +ary, V" —w,2, re) (wer, — we Ve VV’ +2, EOE 


> 


+ (WeVe —~ WeZ- V’) V? — Wet V3, 
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Since integrals of the form 
— 
J V"V’—V)-""dV, na positive integer, 
0 
have known values,* namely 
; ..2n | 
9 <a Vv’ n+1/2 
Es - ant1ys Vy" 


the procedure suggested is to expand [F(V)]-!” = G(V) in Maclaurin’s series. 
Successive derivatives of G with respect to V are as follows: 


G'(V) = —1/2G (“) = —1/2Gao, say 


wr mw 3 
(6) G"’(V) —1/2G pa | = —1/2Gbo 


: . Fr" F' F” : S ‘ 
add a /2 Sa 9 a ee : / ai eee : 
G (V) 1, c| F , (F)(E)+15/4 F 1/2Gco 


and so on, F and all of its derivatives to be evaluated at V = 0, which corre- 
sponds to the minimum of the potential curve. It should be noted that ao, 
bo, Co,... depend upon V’. Set 


av’ av’ 
| G(V)(V'—V)~"" dV, s= | V G(V)(V'—V)""" dV, 


0 
av’ 
«= | V’°G(V)[V'— VV] dV, 
Ji 


with 

, ‘ wv ” Vv" vet Vv" 

G(V) = G(0)+G'(0) V+G"(0) 5;+G'"0) git a 
Whenever, as is generally so, w, > |wexe| > |weye| > |w.2-|, this expansion can 
safelv be assumed to have a negligible remainder after a limited number of 
terms for some desired accuracy over any reasonable range of V (see Section 
VII). Performing the integrations, we obtain 


= 9G rh _ 4 rr __ 2bo yr ACo rp ) 
p = 2G(0) J ¢ Se ee ds 


os . va( Bhi:7¢. OBG-25,2, AOCocss ) 
7 (( en —--— V’—-— y"— ae) 
3 (0) | 5 30 315 d 


16 


: o 3day 4by vy" 40€¢ ye im ; 
15 


G(0 yrr(i — y'— -— 

, 7 2I 693 

lor most states, terms of such series are found to diminish rapidly as the power 
of V’ increases, even for V’ values which are a fairly large fraction of the 
possible maximum short of dissociation, 


*Klein worked out integrals of identical type, but in terms of a different variable. 
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Returning to equation (1) we substitute f = Npand g = 1/N(B,p—a+7.«) 
and get 


(8) ry.2(V’) = N[(C+p*)!?@+p] 


in which 


6 ~~ 
C= B,—a,— + 467 
p p 


and functional dependence of 7 on U is implied through V’. Note that the 
width of the potential curve so described is just 2Np and the center, i.e. 
(ri +r2)/2, is N(C+p ?)'”, at any chosen level. Approximately, for very small 
Vv’, C = 1/B,, but with increasing V’, a,(6/p) and (to a lesser extent) y,(€/p) 
become significant even for B, > |a,| > |y-|, because C is usually dominant 
over p’. 

It would now appear that an assumed potential, such as Morse, which 
implies an a, (Dunham 1932; Pekeris 1934), will have a central axis which is 
in error more or less according to the deviation of the theoretical a, from the 
observed value. There is a similar but ordinarily less important effect with 
ve. Numerical checks indicate that these deviations often represent a more 
serious source of error than stopping at a quadratic or cubic in the energy 
polynomial, unless the energy levels are poorly fitted thereby. The width of 
the potential curve depends on the vibrational constants and one rotational 
constant, B,. 

As has been stressed elsewhere (Coolidge, James, and Vernon 1938; Hulburt 
and Hirschfelder 1941; Chamberlain and Roesler 1955) it is, in general, unsafe 
to use vibrational constants outside the range of observed energy levels from 
which they were derived. If this point is kept in mind, there should be no 
serious objection to a potential curve based on accurately fitted polynomials 
rather than on the numerical energies themselves. The case of marked change 
in the rate of convergence of the vibrational levels (Birge 1929; Gaydon 1947), 
necessitating the use of two or more sets of ‘constants’, will be discussed in 
Section III. 

Equation (8) can be applied directly to the construction of normal potential 
curves, but a more convenient form is obtained by writing 71,2 as an explicit 
function of V. If we drop the prime on V, tedious but straightforward reduction 


leads to 


9) ri.2(V) | Si, (£)'] oo 
“ Ve Sit Se E re 7 


where 
a. i ‘a6: ee 93 | s 
ri —i0 m | J Hatt — 38 km-+ =) nit 


ME ha me s 101527, ; 
hm+"s90 *ti65™ jr +L 2816 * “2464 *™ 


20627 ,2, 19205 2 47821 |v 


n+- km? — ——— MN 
3606 F528 1620 
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| (23422 m)(% -)+ 52 5 (25) |v +{( 3520 * ta19 *" 63 
ae |), (73,2 44 ; bi 1451.4 , 9847 1327 
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in which 


Once the coefficients of powers of V in (9) have been worked out for a 
given state, the determination of turning points at a specified level takes only 
a few minutes on a desk calculator. Equation (9) can also be employed formally 
for non-integral v, and thus the potential curve can be interpolated in a 
consistent manner between energy levels. It will be observed that the co- 
efficients of (9) are made up of terms which, apart from numerical multipliers, 
regularly decrease by one order of magnitude (e.g. w.x,/w.) for each increase 
of unity in the power of V. Convergence of the series shown is found to be 
considerably more rapid than that of Dunham's (1932) U(r). Terms in V* and 
higher appearing in S, and S; are frequently negligible but for a few exceptional 
states (e.g. C2, B°Il,) they are large enough even for moderately low v (say 5) 
so that convergence can not be depended upon. The above formulation is then 
not applicable beyond the lowest few levels. In Section VI proof will be 
given that Dunham’s first approximation to the relationship between potential 
energy and internuclear distance is mathematically identical with equation 
(9). The magnitude of a Dunham correction to the linear term of (9) for Ne 
and OH ground states will also be indicated. 

Potential curves constructed here have each been carried arbitrarily no 
higher than a level whose energy is roughly half the dissociation energy. 
Equation (9) is not expected to be valid near the dissociation limit. 


III. CHANGES IN THE RATE OF CONVERGENCE OF THE VIBRATIONAL 
ENERGY LEVELS 

When a single power series fails to represent adequately the observed 

vibrational energy levels, it is necessary to employ two or more sets of vibra- 

tional constants over appropriate ranges of V. To illustrate, if a ‘discontinuity’ 

occurs in the neighborhood of Vi, 0 < Vi < V2, for turning points corre- 

sponding to V2 equations (4) become 
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f ~ 2 9 
oa xy J [U— (we V— (were) 1 V+ (were) 1 V2 — (wee) VJ? dV 
0 
+f [U— (wes V— (were) 2V?+ (were) 2 V2 — (wee) 2V spar} 
vi aVe 
(10) e-ttal f (U-waV+... Mave | (U-wnv+ av | 
Vi 
Vi . Ve . 
an (U-—w.,V+.. y va f (U-—w.,V+.. yvav | 
0 V1 


Vi Ve 
+r] | (U-—w,,V+.. svar f (U—w.,V+.. yevav 
0 Vi 


where w,,, (weX%)1,... apply below V; and w,., (weX,)2,... above it. Thus 


f = N(pitp2) and g = © [Be(ortps) ~ae(81+8s) +7. (e1-+¢2)] 


with p2, 62, €2 derived from integration over the interval V; to V2. Equation 
(8) now reads 
ee Sth, ately” sf? \ 
(11) ri2(V) = vl (B 2a, +7. = i) +(pit+p2)” +E (pitpe) ¢ . 
pitpe pitpe 
Reduction to a form analogous to (9) has not been carried out. 
IV. KLEIN-DUNHAM AND MORSE POTENTIAL FUNCTIONS FOR 
No, X'15$ AND OH, XI; 
A formula derived from equation (9) but more suitable for comparison 
with a Morse or other empirical potential is 


» et se[a(2)o3(6)] 42-22) 300) 
(9°) = 1+/2 +3 B V+ k We _ We 3 \we 
1 lfa, > * Ye 2 
+35 * (z)+3 (z:) 15 (z+) pees 
/2 
+2 (Bs) vl 148 ev+(2 eee m) v'4...]. 


Table I shows classical turning points, centers, and half-widths for the 
lowest 20 vibrational levels of the ground state X'Z+ of N2 as computed from 
(t) formula (9’) and (iz) the Morse function with a dissociation energy of 
w?/4w.x,. As can be seen, discrepancies are small at lower levels but generally 
increase with the quantum number, and are greater for r; than for r2. For 
this state equation (9’) is (in angstroms) 


1+4.805X10~* V+2.64 107° V?+1.89x107' V* 
ri2(V) _ +4.2xX10°"Vi+ .. 
1.094 = 4.5.837x107? V4(1+5.105 X10? V+3.68X 107° V?+2.0X10°V" 
—19x10° V*...). 
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TABLE I 
Turning points, centers, and half-widths (A) No Xz} 


Klein—Dunham formula (9) Morse 





















Vibra- 
tional 
quantum Half- Half- 
number ry r2 Center width ry re Center width 

0 1.051, 1.141, 1.0967 -0452 1.0512 1.1413 1.0965 .0453 

1 1.023, 1.1803 1.1025 0783 1.022, 1.180, 1.101. .0785 

2 1.0050 1.209, 1.107; . 1023 1.004, 1.2095 1.1067 . 1023 
3 0.991, 1.234, 1.1123 .121¢ 0.9902 1.2336 1.111, .121; 

4 0.9796 1.256, 1.118; . 1386 0.978, 1.2555 1.117. . 1383 
5 0.970 1.278 1.124 .154 0.968 1.277 1.123 . 154 
6 0.961 1.298 1.129 .168 0.959 1.296 1.128 . 169 
Z 0.953 oie 1.135 .182 0.951 1.315 1.133 .182 
8 0.946 1.336 1.141 .195 0.944 1.334 1.139 .195 
9 0.940 1.354 1.147 . 207 0.937 1.352 1.145 . 207 
10 0.934 1.372 1.153 .219 0.931 1.369 1.150 .219 
11 0.928 1.389 1.159 . 230 0.925 1.387 1.156 .231 
12 0.923 1.406 1.165 . 242 0.920 1.404 1.162 . 242 
13 0.918 1.423 A Wg . 252 0.915 1.421 1.168 . 253 
14 0.914 1.440 Laz . 263 0.910 1.438 1.174 . 264 
15 0.910 1.457 1.183 . 274 0.906 1.454 1.180 .274 
16 0.906 1.473 1.190 . 284 0.902 1.471 1.186 . 285 
17 0.902 1.490 1.196 . 294 0.897 1.488 1.193 .295 
18 0.899 1.507 1.203 304 0.894 1.504 1.199 .305 
1.523 1.209 .314 0.890 1.521 1.205 315 





0.895 


























In Table II similar numbers are given for the lowest seven levels of OH, 
X?II,. Equation (9) for this state reads 


ralV) 1+2.271X10-° V+4.19X10~* V?+7.1X107° V°+5.5X107'V'+ ... 

SAA ° 

0.9706  +1.42110~* V3(1+1.92410~? V+3.07 107! V°+2.4xX10-°V" 
+1310 V'+). 


It is noticeable that coefficients for the light molecule OH (large B,/w,) are 
larger than those for Ne. Spectroscopic constants have been taken from Herz- 
berg (1950) and Chamberlain and Roesler (1955). It is expected that one or 
two additional potential curves, constructed by means of (9), will be pub- 
lished in a more detailed scientific report (Jarmain 1959), now in preparation. 


TABLE II 
Turning points, centers, and half-widths (A) OH X21; 




















Vibra- Klein—Dunham formula (9) Morse : 
tional —-————— $$ —_______—— — — ——— ————-— t 
quantum Half- Half- i 
number ry ro Center width ry ro Center width ° 
0 0.8833 1.080. 0.9817 .098; 0.882; 1.079; 0.981. .098; f 
1 0.8307 1.178; 1.0046 .1735 0.829. 1.1772 1.003. . 1740 : 

2 0.799 1257 1.028 . 229 0.797 1.256 1.026 229 

3 0.776 1.330 1.053 td 0.773 1.328 1.051 .207 

4 0.758 1.399 1.079 .d2l 0.754 1.398 1.076 .d22 

5 0.743 1.468 1.105 .363 0.739 1.468 1.104 .364 

6 0.731 1.537 1.134 .403 0.726 1.539 1.182 .406 


LPT TO RL REIN ECAH NORE SR A far OS I ENT 


LP RTE 


SEU OR ESE 


TM Re en NTE 


nara 


& 
2 
t 
k 
a 








JARMAIN: KLEIN-DUNHAM POTENTIAL ENERGY FUNCTIONS 225 


Some 25 potentials for various states of N2, Nf, NO, OH, Os, and C2 are 
at present on hand. 

It is instructive at this point to write down the Morse function expanded 
in the form (9’). If we solve for the turning points and develop logarithms 
in series, the result is 


1/2 1/2 1/2 
, 142 (2:) k?y+2 (2:) pepe 8 (2s) Reye+... 
ri2(V) Se We We 3 \we 


” B.\} af Se Oe ee ) 
+2 (2) J I+GkV+i%} tH k V+... ; 
The series giving the half-width is identical with that in (9’) if wy, = w,2, = 0, 
as is true for the Morse model. Rees (1947) of course previously demonstrated 
that the Morse curve has the same half-width ‘f’ as does a Klein potential. 
Also, if the theoretical a, and y, implied by the Morse function (Dunham 
1932; Pekeris 1934) should happen to coincide with the experimental values, 
the coefficients of V and V? in (12) can be shown to be the same as those 
in (9’). For rotation—vibration coupling with a Morse potential function 


6B? eke * 
ea | -1+(22*) 
bs OB g (sets) 23 (#2) 7 (eax) | 
ee So FS oe ole 


In practice the above proviso will seldom if ever be satisfied exactly but 
sometimes to a good approximation. Thus, the Morse curve may occasionally 
be very close to the ‘true’ potential. For the particular states considered here, 
(12) becomes respectively 


(12) 


rea(v)  EF#569X10° V-+2.80%10"% V°+2.29%1077 VF . 
1,2 


1.094 ~ +5.837X10~* V4(1+5.105X10~° V+4.03X10°° > 
+3.6X107'V*+ ...) 





and 


ra(V)  1+2-159x10* V+4.98 10 V*+1.53X10° V+... 
1,2 ri 


0.9706 +1.421107' V3(1+1.92410~ V+5.73 10 V? 
+1.9x10°°V"+ ...). 





V. FITTING MORSE FUNCTIONS TO KLEIN-DUNHAM DATA 
As mentioned earlier, computation of Franck—Condon factors in this 
department and elsewhere (Bates 1949) has been based on the Morse model. 
Analytic integration of overlaps of Morse wave functions has been made 
possible through an approximation (Fraser and Jarmain 1953; Fraser 1954) 
involving the parameters a; appearing in the functions 


U(r) = D{1—exp—a,(r—r.,)f. 
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Formulae developed by this procedure have been programmed for an elec- 
tronic computer,* and finally r-centroid analyses (Nicholls and Jarmain 1956) 
have been based on the same forms. 

It seems desirable, therefore, to examine whether an artificial Morse function 
can be satisfactorily fitted to Klein-Dunham turning points for an electronic 
state where the standard Morse curve is a poor representation. In the Morse 
function, as is well known, there are three disposable parameters, which except 
for negative w,x, can be taken to be (Herzberg 1950) 

































a(A~") = 0.24354(uawex.) ”, K= = ; and r,(A). 


It is the first two of these which can readily be adjusted in a least-squares 
fitting operation, r, being unaltered. Only a few such fits have been attempted 
but it certainly is feasible for some states to improve the Morse description 
of the potential in this way. 

When the Morse representation, adjusted as above, is unacceptable over 
even a small range of quantum numbers it may be necessary to resort to 
completely numerical methods, if accurate wave functions are required. The 
problem is difficult but a finite difference approach with the aid of a large 
scale computer could be tried, with a good chance of success. 


VI. EQUIVALENCE OF KLEIN AND DUNHAM POTENTIALS 


The power series assumed by Dunham (1932) to describe the relationship 
between effective potential energy U and internuclear separation r for a 
rotating vibrator is of the form 





(13) U = aoR?(1+a,:R+a2R?+a;R'+ ...) 
where 
1—T. We 
R= = ao = 4B," 
we is the classical frequency of small oscillations (cm=), and 
h 


eS Ss. 
°  8x'ucr; 


Dunham solved Schrédinger’s wave equation for this potential by the W.K.B. 
method and found the corresponding energy level equation in terms of the 
a’s in (13) in the following form: 
(14) Fy,.y = DV i;(v+1/2)*I/(J+1)4. 
tj 

In particular 

, i. 67 2, 459 1155 
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*FERUT, formerly at the University of Toronto. 
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The first fifteen Y,; were set up in this way by considering vibration and 
rotation in turn. It is evident that Yjo, the coefficient of (v+1/2), is not 
equal to w,, but differs from it by terms in B?/ w>. As Dunham showed, we 
can get a first approximation to the values of the a’s by regarding each Y,,; 
as being given experimentally, and by neglecting the small correction terms. 
These a’s can then be used to calculate the correction terms with adequate 
accuracy. In effect each coefficient in (13) is made up of a major part, arising 
originally from a phase integral which coincides with that given by the 
Bohr-Sommerfeld theory, and minor parts due to integrals of lesser impor- 
tance. Although Dunham’s method is generally satisfactory for determination 
of accurate potential energy functions (Sandeman 1940; Hulburt and Hirsch- 
felder 1941), the series is ordinarily convergent only near the potential mini- 
mum, as the following equation for Noe, X'zt might suggest 


U = 6.925 X 10°R?(1 — 2.820R +5.148R? —8.301R*+14.40R! .. .). 


By inversion of Dunham’s series 


= 3 me 4 7 r\ 3/2 
(15) ee fF) Ez (2) +62 (L) uc, ) +... | 
ao ao ao ao 


in which the c; are combinations of the a’s in (13). Now for turning points 


on the normal potential curve, we have 
U = a V—w,x, V?+0.yeVi—w.2.VIit... 


Substituting in (15), treating powers of (U/ao)'” as binomial expansions, and 


reducing, we obtain 


(16) R = scyV—[skey—s*cs3] V?+[smc,—2s7*ke3+5'°cs] Vi—[snci—s?(k°+2m)cs 


; 2 
+3s*kes—s‘cx] Vi+... asV'")1 pea) 2. 


-_ 


3 ‘ k® ok ee : 
+5 set fie Fe a) sext3 Ss *kea—s ‘| @ 


4 P 2 
[ag atest (Gt) (8) 


+ shea sce | vit eke 


where s = 4(B,/w,) and k, m, and n are as defined previously. 

By putting into (16) expressions for the c; in terms of spectroscopic constants 
it is possible to show that (9’) and (16) are identical at least as far as (16) is 
written, providing only the major parts of the c; are used. That is, to a first 
and usually satisfactory approximation, Klein’s potential is exactly the same 
as Dunham’s! Although certainly there has been some awareness that Klein 
and Dunham potentials are similarly based (Coolidge, James, and Vernon 
1938; Vanderslice. Mason, Maisch, and Lippincott 1959), there has apparently 
been no previous recognition of their complete equivalence within the above 





228 CANADIAN JOURNAL OF PHYSICS. VOL. 38, 1960 


terms of reference. In fact it has generally been considered that Klein’s potential 
should not be used at low energy levels because of its semiclassical foundations 
and partially graphical development, while Dunham’s series, which normally 
converges only in the neighborhood of the minimum, is appropriate in the 
very region where Klein’s is not. A general proof of this identity, in the 
sense of avoiding term-by-term comparison, is now being sought. It is of 
course clear on the vibrational side that Klein’s action integral together with 
his use of half integral quantum numbers is of precisely the same effect as 
Dunham's first two W.K.B. integrals. On the other hand it is not obvious 
that their methods of including the rotational contributions are mathematically 
equivalent. 

Expressions for the c; needed in equation (16) have been taken from the 
useful work of Sandeman (1940) 


ey re Qe 
= ati (<:)(22) 
sa 1 ( wets) 
a aa NS 2 


~ ~ 2 1 e , e 
= 0.5-2c1+0.6c2+1.5¢1+0.8¢102— = (#:) (2+) 


2 We ) [ WeVe 
1.8¢2—0.1 (#) ( ) 


= (9+10c;)c,—2(14 —21¢e,- 1 1ce2)e3 + (17 — 12¢,—6c2—33ci— 18¢1C2)C2 


—14(8—5e1+2ci)e.+7 
3 
ey oa de ~ 3 9 we) (s#+) 
302 ¢4—27062+0.2 (= = 


14(1+¢1)cs—7 (6—9¢1 —7¢2)c5+ (27.5 — 26¢1 —27¢0+29¢3—43.5¢} 
—6061¢2)¢4— (63 — 210¢,— 142 —31.5¢3+ 126+ 147 ¢1¢2+ 65c3)c3+ (38.5 
—105¢1—2.5¢2—35¢}+2401¢2+13.5¢3+98¢} +97 .5cics t+ 54c1c2)c2— (84 — 220.5¢; 
+210c¢}—52.5¢1)c1+10.5 


2 DD 26+ iene 4 
Ct = Sextet a7 €4— 15¢2¢4 +92 


wherein all c, after c. are dependent on the lower ones, and constants of higher 
order than w,2z, and y, have been set at zero. Also useful for computation but 
inferior to (9) is a slight rearrangement of (15) 


(17) Rie = cat? best* est tet +... tl +cat? +eat*+c6t +ce® +...) 


where t = (U/ao)'”, but it requires evaluation of powers of U, whereas earlier 
forms could make use of tabulated powers of V. 
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For hydrogen and some hydrides it may be necessary to apply Dunham 
corrections to the coefficients in the working formulae. Following Sandeman 
(1940), the Y,; of equation (14) may be split into components 
(18) Vu; = NigtVigt Bist ° 
xij being the major part and y;; and 2,; small corrections decreasing suc- 
cessively in a ratio of the order of B?/w?. For all but the most precise work it 
is sufficient to use only the first corrections y;; which are calculated in the 
manner outlined above for the a’s. In equation (9’), the correction to the 
largest term (linear one) ~—6X10-° for No, X'3t, and ~—2xX10-* for 
OH, X?I;. 

VII. SPECIAL CASE—VIBRATIONAL ENERGY QUADRATIC IN V 

For some of the electronic states for which at present only two vibrational 
constants are tabulated, the following formulation, equivalent to that of Rees 
(1947), may be advantageous. The integrals appearing in equations (4) can 
here be evaluated exactly without resorting to expansion in series. We find 
that 


pa Be | = —4w x U tux VU)’ a 
I* en)" (40.x,U)” 


oy etiam 4/9)" V5) 











a (aim twee UT 9 Ye(Bw2 — 4x U )] 
aid or ont Aneel \ 2X eBe—aere + due 
.1/2 3w \ 
. T7\'2 __ PWeVe 
+ (4w.x.U) £ a |} 
where the dissociation energy 
We 
hide % 


r;.2 are then determined by substitution in equation (1). 

Very recently, potential curves for a number of electronic states of N» 
and NO have been constructed by Vanderslice et al. (1959), using a series 
of quadratic energy expressions and the Rydberg—Klein—Rees method. Their 
procedure limits to two the number of both vibrational and rotational ‘con- 
stants’, and allows «,, w,x,, B,, and a, to vary with the energy level. Insofar 
as comparison is possible with results obtained here their turning points are 
consistently a little towards higher r values. Deviations are largely in the 
centers of these curves, however, good agreement appearing in the widths. 
Presumably then the discrepancies can be attributed to different utilization 
of the rotational data. 

The relations (19) are valid only for positive w,x,, and thus do not hold 
for the upper states of the main systems of the alkali-metal hydrides (Almy 
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and Beiler 1942; Gaydon 1947). In these cases f and g are given in terms 
of inverse sine functions instead of logarithms. Such difficulty is not encoun- 
tered in the use of equations (9) or (17). 

Convergence of the series in (9’) for a quadratic energy expression can be 
confirmed by combining (19) and (1), applying known convergent expansions 
and reducing. This procedure shows term-by-term identity of formulae based 
on Maclaurin’s series on the one hand and exact closed form integrals on the 
other. Furthermore there is no reason to suppose that the inclusion of small 
higher-order vibrational constants could cause divergence for any level whose 
energy is less than about half the energy at the dissociation limit. 
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THE GAMMA-NEUTRON CROSS SECTION FOR N*! 


J. D. Kine, R. N. H. HASLAM, anp R. W. Parsons? 


ABSTRACT 


The reaction N'4(y,n)N! has been studied by irradiating dicyandiamide in the 
X-ray beam of a 25-Mev betatron and measuring the residual activity with a 
sodium iodide crystal system. The photoneutron cross section shows maxima 
at 11.7, 13.2, 15.2, 19.5, and 22.8 Mev, the last two being in the giant resonance 
region. The integrated cross section from threshold to the beginning of the 
giant resonance region is 1.8 Mev-mb, and this is compared with a recent 
theoretical prediction. During the course of the experiment, accurate measure- 
ments were made of the half-life of N° and it was found to be 9.93 +0.05 minutes. 


INTRODUCTION 

In a recent paper, Fujii (1959) has developed a theory to explain the low 
energy photodisintegration of C’, N“, and F!*. He postulates that these nuclei 
have a central core and one or more relatively loosely bound nucleons. At 
energies well below the giant resonance region, photodisintegration is assumed 
to occur by the excitation of the extra nucleon without disturbing the central 
core. Such a mechanism, which was originally postulated by Guth and Mullin 
(1949) to explain the photodisintegration of Be® at low energies, is quite 
different from those postulated by either Goldhaber and Teller (1948) or 
Wilkinson (1956) to explain the existence of the giant resonance; the Gold- 
haber and Teller model assumes simultaneous excitation of all nucleons, 
which oscillate as two interpenetrating fluids, while Wilkinson assumes the 
excitation of single nucleons deep in the nuclear core. 

According to the Fujii (1959) model, N" consists of a C core and an extra 
neutron and proton, both of which are in 11/2 states; at low energies, photo- 
disintegration is accomplished by electric dipole absorption resulting in the 
emission of the loosely bound neutron or proton in a d wave. It has been 
shown (Carver et al. 1954) that this extra-nucleon model is not applicable to 
Be® because, at 6 Mev, the (y,m) reaction for Be® proceeds through the ground 
state in less than 20% of the cases. However, such a model may be better for 
N#, since, according to shell theory, a C core would have two completely 
filled levels, the 151;2 and the 13/2. The last neutron and proton in N™ both 
go into otherwise unoccupied states, the 11/2. The Be*® core, on the other 
hand, is not saturated and the last neutron in Be® goes into the already par- 
tially filled 13,2 state. Fujii predicts that the probability of the electric dipole 
transition, and hence the cross section for N'(y7,2)N™ should have a peak 
value for an incident photon energy of 13.5 Mev. The height of this peak is 
expected to be 15 mb and its half width 0.9 Mev. 

The reaction N'4(y,n)N"™ has been studied experimentally in this laboratory 
by Johns e¢ al. (1951), Horsley et al. (1952), Chidley and Katz (1955), and 
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Chidley (1956). All agree that there is at least one peak well below the giant 
resonance region, but the measurements are not of sufficient accuracy to 
provide a check of the theoretical predictions. Since 1956 the energy stability 
of the betatron with which the measurements were made has been improved, 
and more satisfactory counting equipment, using scintillation crystals instead 
of a Geiger counter, has been constructed. It, therefore, seemed worth while 
to make a further detailed study of this reaction in order to obtain results 
which are sufficiently precise to be compared with the theoretical predictions. 


EXPERIMENTAL PROCEDURE 

Reagent quality dicyandiamide, C2.H4N4, was pressed into disks of diameter 
4.5cm and thickness 1.2 cm; the mean weight of the samples was 24.86 g, 
the maximum deviation from this value being 0.03 g. The disks were irra- 
diated in the X-ray beam of the University of Saskatchewan betatron at 
regular intervals of approximately 0.2 Mev from 10.5 to 25 Mev. In addition, 
in the region from threshold to 16 Mev extra measurements were made to 
provide data at 0.1-Mev intervals. The energy stability of the betatron was 
checked regularly by irradiating samples of boric acid at 17.23 Mev and 
measuring the induced 2.1-minute 8+ activity from O"; the drift was less 
than 10 kev at 17.23 Mev during the course of the experiment. The dose was 
measured in terms of the charge passed to a condenser by an aluminum- 
walled ionization chamber mounted in the X-ray beam; the condenser was 
shunted by a resistance whose value was chosen to compensate for the decay 
of the sample activity during the irradiation. The dosimeter had previously 
been calibrated against a Victoreen thimble in an 8-cm lucite block. 

After being irradiated, the samples were placed between two 2 in. X 2 in. 
Nal crystals mounted on RCA 5819 photomultiplier tubes. The photomulti- 
pliers were connected to a conventional coincidence circuit of resolving time 
0.57 usec, for detecting the photons resulting from the annihilation of the 
positrons emitted by the N*. Above 12 Mev, at least 10,000 coincidences 
and 40,000 single channel counts were recorded in a 10-minute counting period; 
at high energies up to 160,000 coincidences were recorded for each point. 
Paralysis and resolving time corrections were applied to all points, the total 
correction never exceeding 2%. 

The scale of the yield curve was determined by comparing the yields from 
thin samples of copper and dicyandiamide at 22 Mev with the aid of a flow 
counter (Roalsvig and Haslam 1959); the yield from the reaction Cu®(y,2)Cu® 
was assumed to be 2.25 10° disintegrations per mole per 100 r (Roalsvig et 
al. 1959). 

Since dicyandiamide contains carbon, above 18.72 Mev the reaction 
C!2(y,n)C" will produce a positron emitter of half-life 20.5 minutes which 
contributes to the observed activity. A correction for this was determined 
experimentally at 1-Mev intervals by following the sample activity for 62 
minutes and analyzing the resulting decay curve into its two components 
by the method of least squares. 
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RESULTS 

Before the carbon correction can be determined, the half-life of N' must 
be known accurately. It was measured by irradiating a dicyandiamide sample 
at 18 Mev and counting for nine periods of 8 minutes each, with an interval 
of 1 minute between counting periods. From the measurements, the half-life 
of N was estimated to be 9.92 minutes. This is considerably smaller than the 
values 10.08+.04 and 10.05+.03 minutes reported by Wilkinson (1955) and 
Churchill (1953) respectively, but is close to the value of 9.96+.03 minutes 
reported by Arnell et al. (1958). 

The half-life measurements were therefore repeated under different con- 
ditions. In order to reduce the effect of possible impurities, which were assumed 
to be oxygen, iron, phosphorus, and potassium, irradiations were performed 
at 15 Mev and 12.4 Mev, but the results for the half-life of the sample activity 
were in all cases close to 9.92 minutes. In a typical experiment, 543,929 
single-channel counts and 118,485 coincidences were observed in the first 
8-minute counting period. In order to determine the purity of the sample, a 
chemical analysis was made and it was concluded that the amounts of potassium 
and phosphorus were insignificant and that the amount of iron was less than 
0.1% by weight. This is much too small to account for the observed dis- 
crepancy. In addition, half-life measurements were performed with a 27 
proportional flow counter instead of the sodium iodide crystal system, and 
also with samples of ammonium sulphate instead of dicyandiamide. All sets 
of measurements were analyzed by the method of least squares, and it was 
concluded that the half-life of N™ is 9.93+0.05 minutes, no systematic 
dependence on the sample, irradiation energy, or method of detection being 
noted. This figure was, therefore, used in estimating the carbon correction 
at energies above 18.72 Mev. 

In Fig. 1, the yield, 1, of N® per unit monitor response is plotted as a 
function of the maximum energy E,, in the X-ray spectrum; the carbon 
correction has already been applied. The smooth curve is an analytic function 
y = ax?+bx*+cxr' where x = E,,— 10.55, the constants a, 6, and c being chosen 
so that y roughly fits the vield curve. The deviations .1 — y of the experimental 
points from the smooth curve are shown in Fig. 2. In order to verify the 
presence of the fine structure which is apparent in this curve, the measure- 
ments were repeated after an interval of approximately 2 months with improved 
counting statistics; the two sets of results were in very good agreement. 

The full curve in Fig. 2 was drawn only after a consideration of both sets 
of data; in particular, the detailed structure in the regions 11.25 to 12.50 Mev, 
13.20 to 16.25 Mev, and 17.90 to 23.80 Mev was apparent from both sets of 
measurements. The true vield curve was then assumed to be the sum of the 
analytic curve y and the smoothed deviation curve. 

The cross section was obtained from the smoothed yield curve by the 
inverted matrix method of Penfold and Leiss (1958) using bin widths of 0.5 
and 0.2 Mev; the results are shown in Figs. 3 and 4 respectively. From Fig. 3, 
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Fic. 1. Yield, A, of N' per unit monitor response as a function of photon energy. The 
full curve is an analytic function of the form y = ax?+bx3+cx*, 
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Fic. 2. Deviations of the experimental points from the smooth curve, y. Where the standard 
deviation is not shown, it is of the order of, or less than, the radius of the dot. The solid line, 
curve 1, is a smooth curve through the deviations. The dashed line, curve 2, shows the devia- 
tions from the smooth curve, y, of an artificially prepared yield curve which is close in shape 
to the experimental curve, but which gives, on analysis, only a single broad peak at 14 Mev 
and another at 22 Mev. 


the cross section is seen to have peaks at 13.2, 15.2, 19.5, and 22.8 Mev, and 
there is some evidence for a small peak at 11.7 Mev. It is seen from Fig. 4 
that the analysis with a bin width of 0.2 Mev confirms the presence of these 
peaks, and brings out more detail of the one at 11.7 Mev; that this small 
peak is largely smoothed out in the analysis using a 0.5 Mev bin is not 
surprising. 

In order to determine whether any of the above peaks in the cross section 
were not genuine but had been introduced by an incorrect smoothing proce- 
dure, an attempt was made to find the smooth yield curve which is closest 
in shape to the observed yield and which gives, on analysis, only a single 
broad peak at 14 Mev and another at 22 Mev. This was done by a trial and 
error method involving the use of the first differences of the yield curve. The 
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Fic. 3. The cross section for N'4(y,n)N" using a bin width of 0.5 Mev. 


deviations of the artificially prepared yield curve from the analytic function 
y are shown by the dashed curve in Fig. 2. A simple statistical analysis was 
made in order to determine whether the artificial curve gives a reasonable 
fit to the observed yield points, results being summarized in Table I. The 


TABLE I 


Statistical analysis to confirm the presence of fine structure in the deviation 
curve of Fig. 2 


R.M.S. % R.M.S. % 
Energy interval, Intrinsic deviation from —_ deviation from 
Mev % deviation curve 1 curve 2 


11.25-12.50 ae g 2.4 14.3 
13 .20-16.25 0.22 0.31 1.59 
17. 90-23 .80 0.18 0.22 1.37 

intrinsic percentage deviation is calculated by combining the statistical 
fluctuations inherent in each count with an estimate of the error involved in 
the reading of the dose. The latter involved reading a helipot which was 
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graduated to read from 1 to 1000; it was assumed that this could be done 
to +1/2 division. From Table I, it is seen that curve 1 is a more justifiable 
representation of the observations than the artificial curve 2; this, combined 
with the fact that the experimental points are randomly distributed about 
curve 1 but not about curve 2, and also that the details shown in curve 1 
were well reproduced when the measurements were repeated, suggests that 
the fine structure shown in Figs. 3 and 4 is indeed genuine. 


DISCUSSION 

It is tempting to interpret the two peaks at 19.5 and 22.8 Mev as the 
components of a split giant resonance; such a splitting was predicted by 
Okamoto (1958) and Danos (1958) for deformed nuclei and has been verified 
for several intermediate and high mass nuclei by several observers (Fuller 
and Weiss 1958; Spicer et al. 1958; Parsons and Katz 1959; Parsons 1959). 
According to the Danos (1958) theory, the intrinsic quadrupole moment would 
be of the order of 0.08 barn, a figure which is not inconsistent with values 
deduced by other methods (Bassompierre 1955; Mizushima 1957). Such an 
intrinsic quadrupole moment in a nucleus containing only 14 nucleons implies, 
classically, a high deformation; the ratio of the major and minor axes of the 
nucleus, assumed spheroidal, is approximately 1.2. This may not be surprising 
for although N™ lies midway between C! and O'*, both of which are pre- 
sumably spherical, it seems reasonable to assume that the addition or sub- 
traction of a neutron and proton from small spherical nuclei could result in 
a considerable deformation. 

However, the above interpretation is open to serious objection, since the 
theory of Danos should be applied to the total photon absorption cross 
section and the (y,7) cross section accounts for only 15 to 20% of the total 
cross section (Ferguson et al. 1954; Wright et al. 1956). Competition from 
the (y,2p) and (y,p) reactions could seriously affect the shape of the (y,7) 
cross section, in which case the application of the Danos theory to this reaction 
would have little meaning. 

The yield at 22 Mev was found to be 3.81 X10° neutrons per mole per 
100 r, a value considerably larger than the figure 2.38 X 10° reported by Johns 
et al. (1951). However, the peak value of the cross section determined from 
the present work is 2.9 mb, in close agreement with the value of 2.84 mb 
reported previously. The disappearance of the discrepancy is due to the fact 
that the inverted matrix method of analysis yields lower values for the cross 
section than the photon difference method that was used in the earlier work. 

Instead of one peak below the giant resonance, as predicted by Fujii (1959), 
the present work shows three. The total integrated cross section from thres- 
hold to 16 Mev is 1.8 Mev-mb which is much smaller than the value of 13.5 
Mev-mb predicted by Fujii. However, Fujii assumes complete overlap of the 
initial and final state wave functions of the ‘‘core’’, thus neglecting any 
polarization of the ‘‘core’’ by the extra neutron. Taking this effect into con- 
sideration would lower the theoretical value for the total integrated cross 
section. The small peak at 11.7 Mev was also found by Chidley (1956), but 
he did not resolve the two peaks at 13.2 and 15.2 Mev. The latter, however, 
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are confirmed by preliminary measurements of the spectrum of the neutrons 
emitted when nitrogen is exposed to 17 Mev bremsstrahlung (Kowalski 
1959). They correspond to excited states of the N nucleus. This is also 
confirmed by the work of Johansson (1959), who finds that the cross section 
for the reaction N'(y,p)C™ shows peaks at these energies. All these peaks 
presumably correspond to resonance absorption of photons, but it is not 
possible to interpret any of them in terms of the Fujii (1959) theory since the 
predicted integrated cross section is too large. However, it should be possible 
to determine, from measurements of the angular distribution of the neutrons 
emitted in various energy ranges, whether photodisintegration in this energy 
region proceeds by an electric dipole transition as predicted by Fujii or by 
magnetic dipole and electric quadrupole transitions as predicted by Blatt and 
Weisskopf (1952). 


ACKNOWLEDGMENTS 
The authors are indebted to Dr. R. Skinner and Dr. K. Okamoto for 
valuable discussions, to Mr. I. C. Gupta for assistance with some of the 
computations, to Mr. W. J: McDonald for the drawings, and to Dr. E. C 
Bailey of the Chemistry Department for analysis of the dicyandiamide 
sample. Two of the authors (J.D. K. and R.W.P.) acknowledge financial 
assistance from the National Research Council. 


REFERENCES 


ARNELL, , Dusots, J., and ALMEN, O. 1958. Nuclear Phys. 6, 186. 

* pence ee A. 1955. Compt. rend. 240, 285. 

Buatt, J. M. ‘and WE ISSKOPF, By F. 1952. Theoretical nuclear physics (John Wiley & 
Sons, hae .. New en p. 654. 


CARVER, J. KONDAIAH, ., and McDanieL, B. D. 1954. Phil. Mag. 45, 948. 
CHIDLEY, G. 8 1956. Ph.D thesis, University of Saskatchewan, Saskatoon, Saskatche- 
wan. 


Cuip.ey, G. B. and Katz, L. 1955. Phys. Rev. 99, 1646. 

CHURCHILL, J. L. W., Jones, W. M., and Hunt, S. E. 1953. Nature, 172, 460. 

Danos, M. 1958. Nuclear Phys. 5, 23. 

FerGuson, G. A., HALPERN, J., NATHANS, R., and YERGIN, P. F. 1954. Phys. Rev. 95, 
776 


Fuji, S. 1959. Progr. Theoret. a 21, 511. 

FuLter, E. G. and Wess, M. S. 1958. ‘Natl. Bur. So Rept. 5687. 

GOLDHABER, M. and TELLER, E. 1948. Phys. Rev. 74, 1046 

Gutu, E. and Muttin, C. J. 1949. Phys. Rev. 76, 234, 

Horsey, R. J., HAstam, R. N. H., and JouNs, H. E. 1952. Can. J. Phys. 30, 159. 

Jouansson, S. 1959. Private communication. 

Jouns, H. E., Horsey, R. J., Hastam, R. N. H., and Quinton, A. 1951. Phys. Rev. 
84, 856. 

KowatskI, S. B, 1959. Private communication. 

MizusHima, M. 1957. Phys. Rev. 105, 1262. 

Oxamoto, K. 1958. Phys. Rev. 110, 143. 

Parsons, R. W. 1959. Can. J. Phys. 37, 1344. 

Parsons, R. W. and Katz, L. 1959. Can. J. Phys. 37, 809. 

PENFOLD, A. S. and LEIss, . E. 1958. Analysis of photo cross sections (Physics Research 
Laboratory, University of Illinois, Chicago). 

Roatsvic, J. P. and Hastam, R. N. H. 1959. Can. J. Phys. 37, 499.9 

RoALsvIG, . P., Hastam, R. N. H., and McKenzig, D. J. 1959. Can. J. Phys. 37, 607. 

Spicer, B. M., Tures, H. H., BAGtin, J. E., and ALLUM, F. R. 1958. Australian J. Phys. 
11, 298. 

WILKINSON, D. H. 1955. Phys. Rev. 100, 32 

1956. Physica, *, 1039. 





Wricat, I. . Morrison, D. R. O., Retp, J. M., and ATkinson, J. R. 1956. Proc. Phys. 
Soc 


, 69, 77. 


THEORY OF THE INFRARED AND RAMAN SPECTRA OF SOLID 
PARAHYDROGEN' 


J. VAN KRANENDONK 


ABSTRACT 


The theory of the rotational and vibrational energy bands in solid hydrogen, 
developed previously, is applied to the interpretation of the infrared and Raman 
spectra of solid parahydrogen. A comparison of the theory with the experimental 
results yields information about the nature of the rotational and vibrational 
motions of the molecules in the solid, and about the anisotropic intermolecular 
forces. A calculation of the intensity of the infrared rotational and vibrational 
lines is given, which is based on the induction mechanisms introduced previously 
to explain the induced absorption in gaseous hydrogen. Satisfactory agreement 
with the experimental values is obtained. The importance of the interaction 
between other than nearest neighboring molecules, and of the interference effects 
affecting the single transitions, is pointed out. A frequency analysis is given of the 
infrared and Raman rotational and vibrational lines in the solid, and a consistent 
theory of the shifts and splittings of the various lines is obtained. Empirical values 
of the rotational and vibrational coupling constants are derived and compared 
with the theoretical values. 


1. INTRODUCTION 


The general theory of the infrared spectra of homonuclear diatomic mole- 
cules induced by the intermolecular forces, which was developed previously 
(Van Kranendonk 1957), is applied here to the infrared spectrum of solid 
hydrogen. This spectrum has been studied experimentally in great detail by 


Allin, Gush, Hare, and Welsh (1957, 1958), and by Gush, Hare, Allin, and 
Welsh (1960). To this latter paper we will refer as I. Our object is to interpret 
the experimental data on solid parahydrogen in terms of the intermolecular 
induction effects introduced previously to explain the pressure-induced infrared 
spectrum of gaseous hydrogen (Van Kranendonk 1958, 1959a; Van 
Kranendonk and Kiss 1959). The Raman spectrum of solid hydrogen, which 
has been studied experimentally by Bhatnagar, Allin, and Welsh (1960), will 
also be discussed. 

One of the most interesting aspects of the infrared and Raman spectra of 
solid hydrogen is revealed by the high resolution data which indicate the 
existence of rotational and vibrational exciton bands in solid hydrogen. The 
theory of these energy bands has recently been developed in some detail (Van 
Kranendonk 19598; we refer to this paper as II); in the present paper this 
theory is applied to the interpretation of the rotational and vibrational spectra 
of solid hydrogen. In this way detailed information is obtained about the 
anisotropic intermolecular forces in solid hydrogen, which are responsible for 
the appearance of the energy bands, and about the nature of the rotational 
and vibrational motions of the molecules in the solid. 

There is a characteristic difference between the Raman spectrum on the one 
hand and the induced infrared spectrum on the other. The intensities in the 

'1Manuscript received November 5, 1959. 
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Raman spectrum are determined by the matrix elements of the polarizability 
of the medium. This polarizability may be assumed to be equal to the sum of 
the polarizabilities of the individual molecules, and the effect of the inter- 
molecular interaction on the polarizability may be neglected. (The internal 
field effect due to the long-range dipole-dipole interaction should of course be 
taken into account.) The activation mechanism for the Raman spectrum is 
therefore a property of the individual molecules, and in the Raman spectrum 
of the solid the intermolecular forces come into play only in so far as they 
affect the rotational and vibrational motions of the molecules. We also remark 
that, since the polarizability is independent of the intermolecular separations, 
the translational motions of the molecules, in this case the lattice vibrations, 
are not Raman active and do not appear at all in the Raman spectrum. In the 
infrared spectrum, on the other hand, the intensities are governed by the 
dipole moment of the medium. Because of the homonuclear character of the 
molecules, the dipole moment vanishes in the absence of the intermolecular 
interaction. The infrared spectrum of solid hydrogen is therefore a purely 
induced spectrum arising from the dipole moments induced by the inter- 
molecular forces in all pairs of interacting molecules. The characteristic 
property of this induced absorption is the strong dependence of the induced 
dipole moments on the intermolecular separations. The dipole moments 
vanish for distances beyond two or three molecular diameters, and increase 
very rapidly with decreasing intermolecular separations. As a result, the 
translational motion of the molecules plays an important role in the induced 
infrared absorption. Quite generally, the integrated intensities in induced 
infrared spectra are given by configurational integrals involving the con- 
figurational distribution function of the molecules (Van Kranendonk 1957). 
The induced absorption therefore reflects an important statistical property 
of the medium. In solid hydrogen the most prominent part of the spectrum is 
the phonon spectrum, appearing both in the rotational and in the rotation— 
vibrational spectrum, as is evident from the experimental data (cf. I). The 
discussion of these phonon spectra is reserved for a future publication; at 
present we discuss only the pure rotational and vibrational parts of the 
spectrum, which correspond to transitions in which no change in the state of 
the lattice vibrations is involved. We accordingly assume that the centers of 
mass of the molecules are held fixed at the sites of a rigid lattice. 

Another important property of the induced infrared spectra is the appearance 
of the cancellation effect in dense media (Allin, Gush, Hare, and Welsh 1957, 
1958; Van Kranendonk 1957, 1959a). The dipole moments induced by the 
intermolecular interaction between a molecule and its neighboring molecules 
tend to cancel one another. This cancellation is the more complete the higher 
the symmetry of the surrounding configuration of a molecule. The cancellation 
effect affects only the single transitions. The double and higher transitions 
which involve a change cf state in two or more molecules are not affected by the 
cancellation effect in the approximation that there is no correlation between 
the rotational and vibrational motions in different molecules. The existence of 
rotational and vibrational energy bands in solid hydrogen shows that such 
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correlations are present in the solid. Nevertheless, we shall show that the 
integrated intensity due to double and higher transitions is not affected by the 
cancellation effect. In the solid the single transitions are therefore relatively 
much weaker than the double transitions. These conclusions are borne out by 
the detailed calculations presented below, and are in accord with the experi- 
mental results obtained by Gush, Allin, Hare, and Welsh (1960). 

In Section 2 we discuss the rotational Raman spectrum, and in Section 3 
the rotational infrared spectrum. In Section 4 the double rotational transitions 
are considered. In Sections 5 and 6 the Raman and infrared vibrational spectra 
are discussed. Finally, in Section 7 an analysis of the rotational and vibrational 
frequencies is presented. 


2. THE ROTATIONAL RAMAN SPECTRUM 

As explained in the introduction, we ignore the lattice vibrations, and we 
consider a crystal of pure parahydrogen with a rigid hexagonal close-packed 
lattice structure, containing N molecules and $N unit cells. The position 
vectors of the corners of the unit cells are denoted by R;(z = 1,..., 44), and 
the position of the second molecule in a unit cell, relative to the corner, is 
given by +. The corners of the unit cells are called a sites, and the sites inside 
the unit cells 6 sites. In the ground state, which is the only occupied state at all 
temperatures to be considered, all the molecules are in the v = 0, J = O state. 
This state is non-degenerate, and we denote its wave function by 


(1) Wo = vo(n1, le ee ave ee , On), 


where r; and w;= (6;, ¢;) indicate the internuclear separation and the orienta- 
tion of the internuclear axis of the 7th molecule. We assume periodic boundary 
conditions; the state (1) is then invariant for all the covering operations of 
the lattice, and in particular for all the lattice translations. As shown in II, the 
excited rotational states of solid parahydrogen are broadened by the aniso- 
tropic intermolecular forces into rotational energy bands corresponding to 
travelling rotational excitations. The wave functions of these excited states 
describe coherent rotational motions of the molecules. For J = 2, for example, 
the 10 eigenfunctions belonging to k = 0, where k is the wave vector of the 
rotational excitons, are given by (cf. II, eq. (12)) 


(2) vE(0) = N~*? DS) [em(Ri)t¢m(Ri+*)]. 


Here m = 2,...,—2 is the magnetic quantum number relative to the 
hexagonal axis, and ¢,,(R) is the state in which the molecule at R is in the 
rotational state 2,m and all the other molecules are not rotating. In the states 
¥i(0) all the molecules are rotating in phase with one another, whereas in the 
states y;,(0) the two molecules in a unit cell are rotating with a relative phase 
difference equal to 7. The 5N states corresponding to the presence of one 
J = 2 rotational exciton form a band of states the total width of which was 
estimated in II to be about 20 cm~!. The next higher set of excited states 
corresponds to the presence of two J = 2 excitons, and forms a band with a 


width equal to twice that of the single exciton band, etc. 
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We now consider the pure rotational Raman spectrum of solid parahydrogen, 
which has been observed with high resolution by Bhatnagar, Allin, and Welsh 
(1960). The intensity due to the creation of single J = 2 rotational excitons is 
determined by the matrix elements of the polarizability between the ground 
state (1) and the J = 2 energy band eigenfunctions y#(k), 


(3) (vol 2 [a(R:)+a(Ri++*)]| Yin (k)). 

a(R) is a component of the polarizability tensor of the molecule at R, and we 
have assumed in (3) that the polarizability is equal to the sum of the polariz- 
abilities of the separate molecules. The matrix elements (3) are different from 
zero only fork = 0, since the first two factors in (3) are invariant for the lattice 
translations. Thus in the Raman scattering processes only k = 0 rotational 
excitons are created. In reality the wave vector of the created excitons is not 
exactly zero, but has a finite value following from the conservation of energy 
and wave vector. However, the wave lengths of the incident and scattered 
photons are large compared with the lattice constant, as has been assumed in 
writing (3), and the k of the exciton is then effectively zero. For k = 0 the 
exciton states ¥/(0) and ¥,(0) are even and odd respectively with respect to 
an inversion at a point midway between the two molecules in a unit cell 
(cf. Il). Consequently only the transitions to the even states, ¥4(0), are 
Raman active. According to II, eq. (28), these states form a triplet the energies 


of which are given by 


-+ 
(4) En = (0.903 )ame, 
where m = 0, +1, +2; € is the quadrupolar coupling constant 
(5) e = Q?/5a', 
Q being the quadrupole moment of the molecules, and a the lattice constant; 
and a4. = 1, dy; = —4, ao = 6. The energies (4) are measured from the energy 
the J = 2 level would have in the absence of the anisotropic intermolecular 


forces responsible for the rotational energy band. This energy does not coincide 
with the energy of the corresponding level in a free molecule, because the 
equilibrium internuclear distance in a molecule in the solid is slightly larger 
than in a free molecule. This is a result of the isotropic intermolecular forces, 
as will be discussed in Section 7. Finally, the wave functions of the states (4) 
are of the form (2) with m referring to the hexagonal axis. 

The three Raman active levels (4) give rise to a three-component S(O) 
Raman line. This Raman triplet has been observed by Bhatnagar, Allin, and 
Welsh (1960), who give the following experimental values for the Raman 


frequency shifts of these lines: 
(6) S$) = 351.84em™"; S30) = 353.85cem™; SiO) = 355.83 cm 


The separations between the lines are given by 


7) fA = S8(0)— S80) = 2.01 em", 
(¢ Las = S3(0)— S30) 


1.98 cm 
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According to the theoretical formula (4), A; and A, should be exactly equal. 
Let us first ignore the small difference between the values of A; and A: given 
in (7), and use the average value A = 2.00 cm—!. Using (4), we then get 
A = 5(0.903)e, from which we derive the empirical value « = 0.443 cm! for 
the coupling constant e. If we assume that the anisotropic forces responsible 
for the splitting A are purely quadrupolar, we can calculate ¢« from (5) by 
using the theoretical value of James and Coolidge (1938) for the quadrupole 
moment, Q = 0.45ea?, and the experimental value, a = 7.09ao, for the lattice 
constant, which can be calculated from the known density of solid hydrogen. 
In this way we obtain the value « = 0.50 cm—!. The discrepancy between the 
empirical value, « = 0.443 cm7', and the theoretical value, ¢ = 0.50 cm, 
may be due to inaccuracies in the values of Q and a. However, we consider this 
to be unlikely, because the value of Q used here leads to values of the intensities 
of the induced spectra in gaseous hydrogen that are in close agreement with the 
experimental values (Van Kranendonk 1958; Van Kranendonk and Kiss 1959). 
It is therefore more probable that the discrepancy is an indication that the 
anisotropic forces are not exclusively of quadrupolar origin. We therefore 
investigate the effect of other types of anisotropic forces on the energy levels 
belonging tok = 0. 

The most general expression for the potential of the intermolecular forces 
between two hydrogen molecules in the ground vibrational state can be written 
as a sum of terms of the form 


(8) Vite = 40e(R) >) an V7, (1) Yi, (o2)* 


n 


over all integer values of /; and /2. Because of the homonuclear character of the 
molecules, only even values of /; and /: occur. The constants a, satisfy the 
relation ad, = a_,. The term /; = /, = 0 gives the isotropic part of the 
potential. The terms corresponding to /;+/: = 2 vanish when summed over 
all pairs of molecules in a crystal with hexagonal symmetry. The first non- 
vanishing contribution to the anisotropic forces in solid hydrogen therefore 
comes from the terms corresponding to /;+/2. = 4. The quadrupolar coupling 
corresponds to /, = J, = 2, and for « = Q?/5R® the constants a, have the 
values dz = 1, a; = —4, ado = 6. The most general term (8) corresponding to 
1, = 1, = 2 contains three arbitrary parameters, and besides the quadrupolar 
coupling there are therefore two other types of anisotropic force with 
1, = l, = 2. In this connection it is more convenient to rewrite (8) in the 
following form: 


(9) Van = 40 z; €; asf j,0(@1, @2), 
z 


where f;9 is a normalized function transforming as an eigenfunction of J? and 
J, belonging to the eigenvalues j and 0 respectively, where J = J,+Jz is the 
total internal rotational angular momentum of the two molecules. The index 7 
in (9) runs over the even values comprised in /;+/2,..., |/;—J2|. The odd 
values of 7 in (9) give no contribution, because the interaction (9) should be 
invariant for an inversion at a point midway between the two molecules. The 
coefficients in (8) and (9) are related by the equation 
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fea, = (—1)" DO CQim, —n)eas = DL eal), 
(10) | j j 

Gn(j) = (—1)"C(22j; n, —n)a,, 
where C(j1j2j3; m1, m2) is a Clebsch—-Gordan coefficient (Rose 1957). The 
quadrupolar coupling corresponds to 7 = 4 (cf. II), and the two other types of 
coupling to 7 = 2 and j = 0. We choose the constants a; such that a2(j) = 1 
for all j; a,(4)=a, are the quadrupolar constants already introduced in 
eq. (4). In this way we get 


fas = 70, ax(4) = 1, a;(4) = —4, ac(4) = 6, 


(11) a. = 77/2, a(2)=1, ai(2) = —}, a(2) = —-1, 
(ao = V5, a2(0) = I, a;(0) = 5. ao(0) 


The energies, E%, of the ten J = 2 rotational exciton levels belonging to 
k = 0, resulting in the presence of the coupling (9) between all pairs of 
molecules in the solid, can be calculated along the lines indicated in II, 
Section 3. We omit the details of the calculation and give only the result 
which is 


(12) Et = > ¢,an(j)(S3+55). 


ll 
a 


S$ and S§ are lattice sums over the a and £ sites respectively. For 7 = 4, these 
sums have been evaluated in II; for 7 = 2 andj = 0, we take into account only 
the contribution from nearest neighbors, because all other forces are of shorter 
range than the quadrupolar forces corresponding to 7 = 4. In this way we 
obtain 


( S* = 2.550, S=-3 Sus 


(13) 
S§= -1647, S$=3, So = 6. 


This concludes the discussion of the terms with 7; = ], = 2. We next investi- 
gate the terms corresponding to /; = 4, /2 = 0 and /,; = 0, l, = 4. This inter- 
action is of the nature of a crystalline field interaction, the sum over all pairs 
of molecules being equal to a sum of terms each depending on the orientation of 
only one molecule. Assuming only nearest neighbor interaction, and denoting 
the constant €(a@)dao in (8) by €,., we get for the potential of the 7th molecule: 


(14) Ve(ws) = (49). SY Dhol diy, O15 Vis) VE (@s) 


= (7/6) (4) "e. Ys(w;), 


where the D‘, are representation coefficients of the rotation group, and 
(dij, 9i;, Yis) are the Eulerian angles of a rotation that takes the hexagonal 
axis into the axis connecting molecule 7 to molecule j. The effective crystalline 
field is thus a fourth-order axially symmetric field. This field is, of course, 
not a real electric field, because it represents anisotropic van der Waals inter- 
action. The matrix of the total crystalline field interaction between the 10 
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exciton states belonging to k = 0 is diagonal, and the diagonal elements are 
given by 


(15) (Wn(0) a V.(w:)|¥n(0)) = (7/6) (4) '/"e.(20|40|20) = §an(4)ec. 


The quadrupolar constants @,,(4) appear here because of the fact that both the 
quadrupolar and the crystalline field interactions are pure j = 4 inter- 
actions. 

Finally, we consider the terms (8) with /;+/:> 4. It is easy to show that 
these terms have no non-vanishing matrix elements within the manifold of 
states corresponding to the presence of one J = 2 exciton. Configurational 
interaction, i.e. admixtures of states corresponding to values of J/#2, can be 
shown to be negligible for all of the interactions considered here, because of 
the large unperturbed energy differences involved. 

We thus arrive at the conclusion that in the presence of the most general 
anisotropic forces in solid hydrogen, the energies of the ten J = 2 exciton 
levels belonging to k = 0 are given by 


| Ex = (0.903¢+32 €-)an+12¢0, 


(16) ) 5 
| Em = (4.20e+6 €¢) Am — 6A n(2)eo, 
where ¢ = e4 is the quadrupolar coupling constant, and where the constants 
Am = Om(4) and dm(2) are given by (11). For the separations (7) between the 
components of the Raman triplet we obtain from (16) 


(17) Ar = As = 5(0.903e+1e,). 


It is not possible to obtain empirical values of « and e, separately, unless the 
Raman S,(0) triplet could be resolved experimentally (cf. Section 5). An 
estimation of the value of €, can be obtained by using in (17) the theoretical 
value, ¢€ = 0.50 cm, for e. Using the experimental value, A = 2.00 cm~! for 
the splitting (7), we get in this way e, = —0.31 cm™. 

We remark that even in the presence of the most general anisotropic forces 
the relation A; = A: holds good, whereas experimentally a small difference of 
0.03 cm! between A; and A: has been found (ef. eq. (7)). The theoretical 
result A; = Ap is valid for arbitrary intermolecular forces in an ideal lattice. 
The observed small difference between A; and A: is therefore presumably due 
to a deviation from perfect symmetry, either because of the presence of the 
lattice vibrations, or because of lattice imperfections. 


3. THE ROTATIONAL INFRARED SPECTRUM 
The infrared spectrum of hydrogen is optically active in virtue of the 
existence of electric dipole moments induced by the intermolecular forces. The 
intensities in the rotational spectrum depend on the induced rotational dipole 
moment which is equal to the expectation value of the total dipole moment 
operator of the molecules over the ground electronic state and over the ground 
vibrational states of the molecules. For a pair of hydrogen molecules, the 
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induced rotational moment is a function of the orientations, w; and ws», of the 
molecules and of their separation, R, which can be expanded as follows (Van 
Kranendonk and Kiss 1959): 


(18) Lx(@1, @2; R) = 4m DU Cx (Ayu rAgMe} R) Vx} (@1) Vx; (we). 


In the present paper we use for all spherical harmonics and spherical com- 
ponents of vectors the phases i!"!+™ (cf. Rose 1957). The index « in (18) thus 
refers to the spherical components wo = wz, wir = *F (urin,)/ V2. 

For the quadrupolar induction effect the non-vanishing coefficients in the 
expansion (18) are given by (Van Kranendonk and Kiss 1959): 


3 Qa 3 Qa 
2000) = — => 9 a Seco eat Me 
(19) Co(2 ) J/5 R* ’ C;(2100) V/15 R' ’ 
| | 4V3 Qy | V2 Qy 
919 = —-—_- FF oO = = 
este 5 RY? C1 (222 —1) Ip RY? 


plus 10 other coefficients following from (19) by means of the symmetry 


relations 


J C<(amsAans) = C,(Acm2A1), 
(20) ; 
C,(ArmrA2m2) = C_,Qi—ire— p2)*. 

a is the average polarizability, and y is the anisotropy of the polarizability 
of a hydrogen molecule. For the overlap induction effect the non-vanishing 
coefficients are given by 

| C<(2x00) = —C,(002«) = §& exp (—R/p), 
(21 ) } 9 
fo——s5 £1 = Neo exp (a/p), 
| wa 
where o = 2.93 A is the Lennard-Jones molecular diameter, From the 
rotational spectrum in gaseous hydrogen, a value of \ can be derived, giving 
\ = 0.8X10-4 (Van Kranendonk and Kiss 1959). 

We assume that in the solid the induction effects are additive, so that the 
total induced dipole moment is given by the sum of the moments (18) over all 
pairs of molecules (cf. Van Kranendonk 1959a). The intensity of absorption 
due to single rotational transitions J = 0 J = 2 depends on the matrix 


elements, 


= 9 


of the total moment yu, between the ground state Wo, and the single J = 2 
exciton states ¥+(k). Since the first two factors in (22) are invariant for the 
lattice translations, transitions occur only to the states k = 0. In reality the k 
vector of an exciton created in an absorption process must be equal to the 
k vector of the absorbed photon. However, the wave length of the photon is 
large compared with the lattice spacing, and the k of the excitons may be 
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taken to be zero. We have the further selection rule that transitions are possible 
only to the odd states ¥— (0), in consequence of the fact that yu, is odd under an 
inversion at a point midway between the two molecules in a unit cell. To 
obtain the selection rule for m, we must evaluate the matrix elements (22), 
because we are dealing with a repeated representation (cf. II). This can be 
done most easily by transforming the spherical harmonics appearing in the 
wave functions ¥7(0) (cf. eq. (2)) from the hexagonal axis to the inter- 
molecular axes as quantization axes by means of the relation (cf. Rose 1957) 


(23) Y7(0.6) = 2) Dnms(aBy)* V7 (6',4'), 


where 6, ¢ are polar angles relative to the hexagonal axis, and 6’, ¢’ are defined 
relative to the relevant intermolecular axis. We first calculate the matrix 
elements to the localized rotational excitation states ¢,,(R). This gives 


(24) — (Wolwel@m(Ri)) = Do (—1)°C,(2p00; Ris) Dip(is)*Dm,—p(A13)*, 


jp 
where a,, in the argument of the representation coefficients denotes a rotation 
that takes the hexagonal axis into the direction of the vector R,; = Ri; ai; 
that connects the 7th to the jth molecule. The sum over 7 in (24) runs over all 
the molecules j#i, and the quantities C, are given by (19) and (21). With the 
help of the Clebsch—Gordan series (Rose 1957), we reduce (24) to 


' | ‘ 4 1/2 
(Woluxlem(Ri)) = >. (—1)’ a 


jot 


X C(121; km) C(121; p, —p) C,(2p00; Rij) Vit" (iy, b13), 


where 6;;, ¢;, are the polar angles of R,, relative to the hexagonal axis as polar 
axis. When we combine (25) with the corresponding expression for 
¢m(R,+*), we get 


1/2 
(26) (Woluxl¥n(O)) = NV’? DY (-1)" es 


ipl 
* C(121; nm) C(121; p, —p) C,(2p00; R,) Vi" (6, o:). 


Use has been made of the fact that the vectors connecting an a@ site to the 
neighboring sites are the opposites of those connecting a # site to its neighbors. 
As a consequence of this, the sum over / in (26) runs only over the possible 
odd values, i.e. 1 = 1,3. The sum over 7 in (26) runs over all the neighboring 
sites of an a molecule, and R; = (Ry, 6;, $4) is a position vector from this 
molecule. Because of the presence of a trigonal axis in the crystal, the expres- 
sion (26) vanishes unless x+m = 0, +3. However, for «+m 0 the terms 
l 1,3 are zero because of the presence of the symmetry element o,. We thus 
yet a non-vanishing matrix element only for x-+-m +3, so that only the term 
1 = 3 in (26) survives. The component yg; of the dipole moment gives rise to 
the transitions to the state py, (0), and the component y_, to the state y~,(0). 
The So(Q) line contains only the +1 components, and is accordingly polarized 





VAN KRANENDONK: SPECTRA OF SOLID PARAHYDROGEN 249 


perpendicularly to the hexagonal axis. In contradistinction to the Raman 
spectrum, where the three even k = 0 levels are all active, only one of the 
three odd k = 0 levels is infrared active. The fact that the two odd levels 
corresponding to m = 0, +1 are inactive in the infrared is due to the symmetry 
properties of the crystal. These symmetry properties do not affect the Raman 
lines, since the Raman activation mechanism is a property of the individual 
molecules. 

The matrix elements (26) corresponding to «x = 1, m = 2 and x = —1, 
m = —2 are equal, and are given by 


(27) (Wolmi|¥2(0)) = (Yolu1)¥—2(0)) 


‘ 1/2 

= Ni? (#22) = | cur2000; x.) -—2, €.(2100; Ri | Y3(6;, $,)- 
From this expression it is evident that molecules lying on opposite sides of the 
central molecule give no contribution to the induced absorption. This is an 
example of the cancellation effect which reduces the intensity of the single 
transitions. If each molecule were at a center of inversion symmetry, the 
expression (27) would vanish identically. The fact that the So(0) line appears 
at all in the infrared is therefore evidence for the fact that solid parahydrogen 
has a hexagonal rather than a cubical close-packed structure. This is in accord 
with the Réntgen measurements made by Keesom, De Smedt, and Mooy 
(1935), which were, however, not entirely conclusive. A neutron diffraction 
experiment on solid hydrogen would therefore be of interest. 

The integrated intensity of the So(0) line can be calculated from (17), or, 
alternatively, by using the theorem of spectroscopic stability which states 
that the total intensity due to all possible transitions J = 0-J = 2 is 
invariant for perturbations removing the degeneracy of the states, i.e. in our 
case for the anisotropic interaction responsible for the energy band formation. 
When we neglect the contribution from the overlap induction effect, which 
amounts to 7% of the total intensity, we get for the integrated absorption 


7 


coefficient per molecule per unit volume, 


fovzs ¥ £ - 3@Qa 
» - , = h 
(28) &{ So(0)] a) a a 


A (v) is the absorption coefficient per wave length, v is the frequency (in sec~'), 
and S, denotes the lattice sum 


4 
(29) o) = = (2) sin’ 0, exp (319;). 
r \R,; 
When one restricts the sum in (29) to the six nearest 8 sites of the central e 
molecule, one obtains S; 1.155, whereas the true value, obtained with the 
help of the summation methed developed by Nyboer and De Wette (1957), is 
equal to S; = 0.701. The intensity (28) of the So(0) line is therefore reduced 
by a factor 0.37 because of the dipole moments induced by the central 
quadrupole in more distant than nearest neighboring molecules. The induction 
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in about two to three hundred neighbors contributes significantly to the 
intensity of the So(0) line. Using the experimental value a =5.7a3 and the 
theoretical value Q = 0.45 ea‘, we get from (28): 







(30) &[So(0)] = 0.77 X10—-'8 sec! cm?. 










The experimental value obtained by Kiss (1959) is 0.52107-'8 sec—! cm, 
which is about 30% lower than the theoretical value (30). This discrepancy is 
probably due to the fact that the So(0) line is very sharp, so that the measure- 
ments have not been done with sufficient resolving power. It is also possible 
that the intensity measurements are affected by the circumstance that the 
S)(0) line shows complete polarization perpendicularly to the hexagonal axis. 
If the specimen were a single crystal with the hexagonal axis aligned perpen- 
dicularly to the direction of incidence of the beam, the observed absorption 
would be a factor 3/4 smaller than for incident isotropic radiation to which (30) 
applies. Further experiments are required to settle these points, and to make a 
more accurate verification of the expression (28) possible. 

We next discuss the frequency of the So(0) line. According to the expression 
(16) for the energy, Exe, of the infrared active level, the frequency of the 
S,(0) line is shifted by the anisotropic intermolecular forces by an amount 

















equal to 
(31) 4.20€+ Je, — Geo. 






Using the theoretical value « = 0.50 cm~', and the empirical value e«, = —0.31 
cm! derived from the rotational Raman data (cf. Section 2), and neglecting 
the coupling constant e€2, we obtain for the frequency shift (31) the value 
2.05 cm~!. According to the Raman measurements of Stoicheff (1957), the 
rotational frequency in the gas is equal to 354.38 cm—'. According to the calcula- 
tions presented in Section 7, this value is decreased in the solid by the isotropic 
intermolecular forces to 353.7 cm~'. The frequency shift (31) due to the aniso- 
tropic forces is measured from this value of 353.7 cm~'. The final value for the 
frequency of the So(Q) line in the solid is therefore equal to 355.7. cm~'. This is 
in satisfactory agreement with the experimental value of (355.6+0.3) cm! 
obtained by Kiss (1959). Within the experimental accuracy there is therefore 
no indication for a non-vanishing value of the coupling constant ¢2, i.e. for the 
presence of a j = 2 anisotropic coupling. We can also compare the So(0) 
infrared line with the So(Q) Raman line in the solid. With the help of (16), 
one can calculate the frequency of the S(O) infrared line from that of one of the 
components of the Raman line, e.g. the S8(0) line. In this way we obtain 





















(32) Pim = Ip— (0.9038€+ ge.) — 12€94+4.20€+ fe,— Gee = (355.5 — 12€9— 6e2)em 





In combination with the experimental value of (355.6+0.3) cm~', and the 
result derived from (31) that €2 is negligible, we see from (32) that the coupling 
constant ¢9 is also very small. In the following we therefore neglect the 
j = 0 and j = 2 anisotropic forces, and we assume that there is present only 
the quadrupolar coupling, and possibly a small 7 = 4 crystalline field type of 









anisotropic interaction. 
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4. THE DOUBLE ROTATIONAL INFRARED TRANSITIONS 


Because of the existence of terms corresponding to A; = Az = 2 in the 
expansion (18) of the induced dipole moment, which are due to the anisotropy 
of the polarizability, double rotational transitions are possible in the infrared. 
These transitions correspond to the simultaneous creation of two rotational 
excitons, and give rise to the So(0)+.5o(0) line in solid parahydrogen, which 
has been observed by Kiss (1959). Although this line arises from the small 
coefficients A; = A, = 2 in (18), its intensity is of the same order of magnitude 
as that of the single S,(0) line, because the double transitions are not affected 
by the cancellation effect (Van Kranendonk 1957). The width of the S»(0)+ 
So(0) line is an order of magnitude larger than that of the So(0) line, because the 
translational symmetry now demands only that the total wave vector of the 
two excitons be zero. The wave vector of the relative motion of the two excitons 
need not vanish, and can range over the entire Brillouin zone. The So(0) +S (0) 
line therefore extends over a frequency range corresponding to twice the width 
of the single J = 2 exciton band, i.e. according to II over about 40 cm7!. 
Experimentally it is difficult to estimate the total extent of the line, because 
it is superimposed on the strong phonon spectrum. However, the experimental 
half-width of the line is about 20 cm! (Kiss 1959), which agrees well with the 
theoretical value of 40 cm~! for the total extent of the line. 

The motion of two excitons is described by a wave function Unm (Ri, 
R,,,,) the square of which gives the probability of finding the excitons at 
R,, and R,,,, with ¢ components of angular momentum equal to m and m'’ 
respectively. The wave equation for this function contains two terms of the 
nature of the left-hand side of the wave equation II, eq. (7) for a single exciton, 
which can be interpreted as the kinetic energy terms for the translational 
motion of the two excitons, plus a term which describes the interaction between 
the two excitons (Van Kranendonk 1955). This interaction contains an 
infinitely strong repulsive core for R,;, = R,,,., corresponding to the fact that 
the two excitons cannot be located on one and the same molecule, plus terms 
describing the interaction between the excitons when they occupy neighboring 
molecules, which have the form of spin-spin coupling terms. At present we will 
not try to solve this wave equation, nor will we try to discuss the interesting 
question whether there exist bound states of the two excitons. We will therefore 
not write down the wave equation explicitly. 

To calculate the integrated intensity of the So(0)+5S (0) line, we make use 
again of the theorem of spectroscopic stability which states that the total 
intensity may be calculated with the help of unperturbed wave functions, i.e. 
with localized rotational excitations. The contribution to the total intensity of 
the pair of molecules at R; and R, is proportional to 


(33) > (Wolsalemm’ (Ri, R,))|? = Zz C.(2m2m’: R,,)|. 


amm’ amm’ 


The integrated absorption coefficient per molecule per unit volume is accord- 


ingly given by 
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= YD [C.(2m2m'; RI 
as SS 4 
The sum over 7 runs over all the molecules except the central molecule, and R; 
is the distance from the central molecule. The characteristic difference between 
(34) and the corresponding expression (28) for the single rotational line is that 
(34) depends on a sum of squared terms, whereas (28) depends on the square 
of a sum of terms over all molecules. The single transitions therefore show 
interference effects, leading to the cancellation effect, whereas the double 
transitions do not show such interference effects. Using the values (19) for the 
coefficients C,, we get 





(34) &[So(0)+S0(0)] = 










= 2 2 
352 85, Ov 








(35) a[.So(0)+So(0)] = 595 ™ ha?’ 
where S2 denotes the lattice sum 
(36) S2 = > (a/R,)* = 12.80. 





i 





With the experimental value y = 1.6a3 (Volkmann 1935), and Q = 0.45ea;, 
the numerical value of (85) becomes equal to 





(37) &[So(0)+So(0)] = 0.49 10~"* sec™* em’. 

This value is in satisfactory agreement with the experimental value obtained 
by Kiss (1959), which is equal to about 0.6 X10-!3 sec—! cm’. The accuracy of 
the experimental value is not very great because of the uncertainty involved 
in the separation of the line from the overlapping phonon spectrum. It is there- 
fore not possible as yet to obtain a reliable value of y from these measurements. 













5. THE RAMAN VIBRATIONAL SPECTRUM 

The fundamental vibrational spectrum of solid parahydrogen arises from 
transitions between the ground state and the excited states containing one 
v = 1 vibrational excitation and zero, one, or more J = 2 rotational excita- 
tions. The pure vibrational level v = 1, J = 0 is broadened by the inter- 
molecular forces into a vibrational exciton band corresponding to travelling 
vibrational excitations (cf. I1). The energies of the two levels belonging to 
k = 0 are given by 


(38) 
















E+(0) = —6e’, E-(0) = 0, 






where ¢’ is the vibrational coupling constant (cf. II). The energies (38) are 
measured from the energy the v = 1, J = 0 level would have in the solid for 
e’ = 0. This energy differs from the corresponding energy in a free molecule 
by an amount equal to —2018,;, where yu; is a dimensionless constant charac- 
terizing the effect of the isotropic intermolecular forces on the rotation- 
vibrational properties of the molecules in the solid (cf. Section 7). As we will 
show presently, an empirical value of yu; can be obtained from the frequency of 
the S,(0) line, giving uw, = 4.4107. 
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In the pure v = 1 vibrational Raman processes, again only k = 0 excitons 
are created, and only the even level, E+(0), of the two levels (38) is Raman 
active. The fundamental vibrational Raman spectrum therefore consists of 
only one line, the Q{(0) line, the frequency of which is given by 


(39) r[(Q¢ (0)] = (4161.1 —2018y; —6e’) cm=! = (4152.2—6e’) cm=!, 


in which 4161.1 cm~! is the experimental value of the vibrational frequency 
in the gas obtained by Stoicheff (1957). Equating (39) to the experimental 
value for this frequency obtained by Bhatnagar, Allin, and Welsh (1960), 
which is 4149.81 cm~!, we obtain the value e’ = 0.40 cm! for the vibrational 
coupling constant. This value is in satisfactory agreement with the theoretical 
value, «’ = 0.5 cm™', obtained in II by estimating the dependence of the 
dispersion forces on the internuclear distances in the molecules. The close 
agreement between the two values of «’ shows that the main contribution to 
the vibrational coupling in the solid comes from the dispersion forces. 

The excited states with vy = 1, J = 2 form a band of states corresponding to 
travelling rotational and vibrational excitations, with an over-all width equal 
to 20 cm! (width of the J = 2 band) plus 2.4 cm~! (width of the v = 1 band), 
and a 5.N-fold degenerate “impurity” level, corresponding to bound v = 1, 
J = 2 excitations, lying below the band. As shown in II, these bound v = 1, 
J = 2 excitations do not travel through the lattice because there are no inter- 
molecular forces of appreciable magnitude which depend both on the inter- 
nuclear separations and on the orientations of the molecules. The v = 1, 
J = 2 energy band levels are Raman inactive in the approximation that the 
polarization is not affected by the intermolecular interaction, because in these 
energy band states the v = 1 and J = 2 excitations are always located on 
different molecules. Only the bound v = 1, J = 2 states are Raman active, 
and these give rise to the S,(0) Raman line. According to the calculations 
presented in II, the v = 1, J = 2 bound level is shifted away from the v = 1, 
J = 2energy band by the quadrupolar forces by an amount equal to 168¢€?/ W». 
Using the theoretical value, « = 0.50 cm~!, for the quadrupolar coupling 
constant, and the experimental value, Wo = 18.0 cm, for the rotation— 
vibrational interaction constant (Stoicheff 1957), we obtain for this shift the 
value —2.3 cm. An additional shift equal to —2157y; is caused by the iso- 
tropic intermolecular forces (cf. Section 7); the shift in Wo caused by these 
forces is negligible. Collecting these results, we obtain the following expression 
for the frequency of the S,(0) Raman line: 

(40) p[S\(0)] = (4497.5 —2157 4, —2.3) cm, 


where the frequency of the S,(0) line in the gas, 4497.5 cm~', has been 
calculated from the band constants given by Stoicheff (1957). The frequency 
of the S,(0) Raman line in solid parahydrogen has been measured by Bhatnagar, 
Allin, and Welsh (1960), and amounts to 4485.8 cm=!. Using this value, we 
obtain from (40) the value nu; = 4.41073 for the constant w;. This value of 
“1 has been used in (39) to obtain a value for the vibrational coupling constant 
e’. The value so obtained agrees well with the theoretical value of ¢’. If we had 
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neglected the shift of 2.3 cm~! occurring in (40), we would have obtained a 
value of e’ which is a factor of 10 smaller than the theoretical value. In this 
way we therefore obtain indirect evidence for the correctness of the value of 
2.3 cm! for the shift of the impurity level, and hence a verification of the 
impurity calculation presented in II. This shift of 2.3 cm! is due to the quad- 
rupolar forces, and is a result of the fact that the J = 2 rotational excitation 
spends part of its time on one of the non-vibrating molecules rather than on 
the central vibrating molecule to which it is bound. 

Just as the So(0) line, the $;(0) Raman line is also split into three components 
by the anisotropic intermolecular forces, but the separation is an order of 
magnitude smaller than for the S (0) line. The bound v = 1, J = 2 level is 
split into a triplet by the crystalline field type of anisotropic force which is 
given by (14). The resulting energy shifts are readily calculated and are 
given by 
(4 1) En = 5ec Qm (4). 


With the value «, = —0.31 cm~! obtained from the splitting of the So(0) line 
(cf. Section 2), we get 


E., = 0.2 cm—, Ex. = 0.05 cm, and Eo = —0.3 cm—. 


In addition to these shifts the levels are shifted slightly by the quadrupolar 
forces. These shifts have been calculated in II for the case that there is no 
crystalline field present. However, the crystalline field does not change the 
wave functions of the excitons, and the shifts calculated in II therefore apply 
also to the present case. They are given by — (D,—168)e?/Wo, where 


Do = Lviv: D1 = 162, and Dae = 169.5. 


The energy shifts of the three components into which the bound v = 
level is split are therefore given by 


(42) Es: = +0.3cm™, Ex. = —0.05 cm, Eo = —0.4 cm. 


The triplet is thus inverted compared to the So(0) triplet (cf. eq. (4)). The 
separations in the triplet (42) are given by Aj} = A} = 0.35 cm. Because of 
the uncertainty in the value of e,, the values (42) only indicate the order of 
magnitude of the splitting. It would be interesting if the $,(0) Raman line 
could be measured at high resolution. As we show in the next section, only the 
level E42 is infrared active. Everything else being assumed to be the same, the 
Raman S,(0) line should therefore be broader than the infrared S,(0) line. This 
seems to be borne out by the experimental data, providing some evidence for 
the existence of the splitting (42). 


6. THE VIBRATIONAL INFRARED SPECTRUM 


As in the case of the rotational spectrum discussed in Section 3, the vibra- 
tional infrared spectrum is induced by the intermolecular forces. We assume 
that in the solid the induction effects are additive, and that the total dipole 
moment is equal to the sum over all pairs of molecules of the moments induced 
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in isolated pairs. These induced pair moments have been studied in some detail 
(Van Kranendonk 1957, 1958) in connection with the infrared spectrum in 
gaseous hydrogen. For a pair of molecules 1, 2 the ‘‘moment’’ correspond- 
ing to molecule 1 making the vibrational transition is equal to the derivative 
of the pair dipole moment with respect to the internuclear separation in 
molecule 1. We denote this moment by M, and expand it in the usual way: 


(43) M,,(@1, 2; R) = 4m DU D,(Aywrd22; R) YE(@1) Y¥2(a2). 
1..-#2 


The most important non-vanishing coefficients D, are given by (Van 
IKKranendonk 1958): 


| Do(0000) = E exp (—K/p), 


3 Qa 3. Qa 
9 = — = S = nee 
{ Do(2000) 15 I ay D41(2+100) VJ/15 R' ’ 


| D, (0020) = D,(002+1) = 


The coefficient Do(0000) arises from the overlap induction effect, and the other 
six coefficients are due to the quadrupolar induction effect. 

We consider first the pure vibrational lines corresponding to transitions 
from the ground state Wo to the single v = 1 vibrational energy band states. 
Only the E~(0) level in this band is infrared active in absorption, as follows 
from the fact that the total induced dipole moment is translational invariant, 
and odd with respect to an inversion at a point midway between ana anda 86 
molecule in a unit cell. The resulting line will be denoted by Q7(0) in con- 
tradistinction to the vibrational Raman line, which is denoted by Qf (0). The 
integrated intensity of the Q;(0) line may be calculated in terms of localized 
vibrational excitations. The matrix element of the total dipole moment yu, to 
the state ¥,(R,), in which the molecule at R; is in the v = 1 state, is given by 


(45) (Wolu«|¥i(Ri)) = k1D0(0000) X Dio(ai5)*, 


in which x, = (h/8x?my)', the D‘, are representation coefficients of the 
rotation group (cf. eq. (29)) and the sum runs over all the molecules 7 # 7. In 
a close-packed hexagonal lattice, this sum vanishes. This is partly due to the 
cancellation effect, and partly to the presence of the symmetry elements 
C; and o». If the central molecule is an a molecule, the first effect makes the 
sum over the neighboring a molecules vanish, whereas the sum over the 
neighboring 8 molecules is equal to zero because of the incompatibility of 
D‘, with the symmetry elements C3 and a, possessed by the 8 sublattice. In 
pure parahydrogen the intensity of the Q7(0) line is therefore equal to zero. 
This conclusion is in accord with the observations of Gush, Hare, Allin, and 
Welsh (1959), which show that the intensity of the Q7(0) line approaches 
zero with vanishing ortho-concentration. 

We next consider the S branch arising from transitions to the states v = I, 
J = 2. The transitions to the v = 1, J = 2 energy band correspond to the 
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simultaneous creation of a v = 1 vibrational exciton and a J = 2 rotational 
exciton. The translational symmetry demands only that the total k vector of 
the two excitons be zero, but the k vector describing the relative motion of the 
two excitons can range over the entire Brillouin zone. The resulting absorption 
band therefore extends over a range of frequencies lying between the width of 
the J = 2 and the sum of the widths of the J = 2 and v = 1 bands, i.e. 
between about 20 cm! and 22.4 cm™', depending on whether the maxima and 
minima in the two bands occur at the same place or in widely different places 
of the Brillouin zone. Experimentally (cf. I), the Q1(0)+.5)(0) band extends 
uver a frequency range of about (22+2) cm@!, in good agreement with the 
theoretical estimate given above. In the v = 1, J = 2 band the two excitons 
are never located on the same molecule, because the bound states correspond- 
ing to such situations are contained in the ‘‘impurity”’ levels lying below the 
band. In this sense the transitions to the v = 1, J = 2 band are double transi- 
tions. The transitions to the bound v = 1, J = 2 states are also infrared active, 
and give rise to the sharp S,(0) line (cf. I). 

We first discuss the intensities of the S,(0) and Q,(0)+50(0) lines. The 
excited states corresponding to these lines arise out of the 5.V?-fold degenerate 
v = 1, J = 2 level by the action of the anisotropic intermolecular forces and 
the rotation—vibrational coupling in a molecule, as explained in IJ. In virtue 
of the spectroscopic stability, the sum of the integrated intensities of the 
S,(0) and Q;(0)+.S0(0) lines is not affected by this removal of the degeneracy 
of the v = 1, J = 2 level. The total integrated intensity may therefore be 
calculated with the help of unperturbed wave functions, i.e. in terms of localized 
vibrational and rotational excitations. The moment corresponding to the 
molecule at R; making the vibrational transition is given by 


(46) M,= © M@,o,;:R:,), 
j 


where the sum runs over all the molecules 7 ¥ 7, and where the pair moment 
for i = 1, j= 2 is given by (43). The matrix elements of the moment (46) 
corresponding to single transitions are given by 


(47) (Wo| Muxlem(Ra)) = 2 (—1)? L Dp(2000; Ris) Dio @is)*Dn.—(@is)*, 
p=0, j 

where the Dp(2p00; R:;) are the expansion coefficients (44), and the other 

symbols are defined in eq. (24). The matrix elements corresponding to double 


transitions are given by 


(48) (Hol Mlgm(Rys)) = Da, (—D? Do(2p005 Ris) Deo (@ss)*Dn,—o(@iy)*. 


The characteristic difference between (47) and (48) is that (47) contains a sum 
of terms over all the neighboring molecules, whereas (48) does not. The parts 
of the induced dipole moments responsible for the single transitions therefore 
show interference effects, leading to the cancellation effect, whereas the parts 
of the moments responsible for the double transitions do not show such inter- 
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ference effects. The integrated intensities can be calculated from (47) and (48) 
by performing the same type of calculation as was done in Section 3 for the 
rotational spectrum. The contribution of the matrix elements (47) to the 
integrated absorption coefficient per molecule per unit volume is given by 


,2 2 
»20' a 


(49) & = 54° Siki ha?’ 


where S; denotes the lattice sum (29), and «} = h/8x?myvo, m and vo being the 
reduced mass and the frequency of the molecular vibration. The contribution 
of the matrix elements (48) is given by 

= ~ 3 2 a” 
(50) a2 = 8r Sa ; 
where S. denotes the lattice sum (36). The role of the cancellation effect is 
clearly displayed by (49) and (50). The intensity (49) due to single transitions 
is proportional to the square of the lattice sum S; which is a small quantity 
because of a cancellation of terms. The intensity (50) due to double transitions 
depends on the lattice sum S2 which is equal to a sum of squared terms and is 
large. The cancellation effect makes the intensity due to single transitions a 
factor 8S2/5S{ ~ 42 smaller than it would otherwise have been. 

The sum of the integrated intensities of the S,(0) and Q,(0)+.S9(0) lines is 
given by the sum of (49) and (50), 


3 2 
(51) &{S,(0)]+a[Q:(0)+.5(0)] = -v [5SiQ”a’+8520°a"’]. 


This expression is still exact, as far as the calculation of the intensity for given 
dipole moments is concerned. To calculate the separate intensities of the 
S:(0) and Q,(0)+.5(0) lines, it is necessary to calculate the wave function 
describing the relative motion of the vibrational and rotational exciton in the 
bound state. We do not attempt such a calculation at present, and we introduce 
the assumption that the rotational excitation in the bound state is completely 
localized on the vibrating molecule. It is difficult to estimate the accuracy of 
this approximation as far as the calculation of the intensity is concerned. The 
energy of the bound state changes by only about 10% when account is taken 
of the fact that the excitation is not completely localized (cf. II). One might 
be inclined to think that the spreading out of the wave function of the excitons 
would strongly affect the intensity of the S,(0) line, because the transition to 
the bound state would partly become a double rather than a single transition. 
However, this is not so, because even in a spread out bound state the rotational 
motions of the molecules involved would be completely coherent, and the 
transition would be fully affected by the cancellation effect. The error intro- 
duced by our approximation should therefore not be much larger than about 
10%. When we assume that the bound states are completely localized, the 
intensity of the S,(0) line is given by (49), since the wave functions are then 
equal to the unperturbed wave functions used in (47). By subtracting (49) 





258 CANADIAN JOURNAL OF PHYSICS. VOL. 38, 1960 


from (51), we see that in the same approximation the expression (50) is equal 
to the integrated intensity of the Q:(0)+.$9(0) band. For the constants appear- 
ing in (51) we use the following values. For a and a’ we use the experimental 
values, a = 5.7a} and a’ = 4.0a‘. The value of a’ is obtained from the average 
experimental value of the matrix element of the polarizability, ao, = 
0.10X10-?4 cm* (Terhune and Peters 1959), by means of the relation 
ao, = a! (h/8x2mvo)?, where m is the mass of a proton, and vo is the frequency 
of the 0-1 vibrational transition. For Q we use the theoretical value of James 
and Coolidge (1938), Q = 0.45ea%. The value of Q’ has also been calculated by 
James and Coolidge, and is Q’ = 0.30ea9. However, a careful analysis of the 
intensities of the single and double transitions in the induced vibrational 
spectrum in gaseous hydrogen, carried out by Hunt (1959), has shown that 
this value of Q’ is too small. The value derived from the intensities in the gas 
is Q’ = 0.54ea, and we accordingly use this value in our calculations of the 
intensities in the solid. From (49), (50), and (51) we thus obtain: 


3 


&[.5,(0)]+4&[01(0)+S0(0)] = 0.48107" sec™* cm*, 
(52) 


é1: & = (0.0240) (Q’a/Qa’)? = 1:14. 

The value of the total intensity is in satisfactory agreement with the experi- 
mental value, which is 0.45 X 107!8 sec—! em? (cf. I). The ratio of the intensities 
would be 1:46 if the value of Q’ of James and Coolidge (1938) were used. The 
experimental value of this ratio is 1:15, and is in good agreement with the 
calculated value (52) based on the value of Q’ derived from the spectrum in 


the gas. 
The frequency of the S,(0) infrared line coincides with the frequency (40) 


of the S,(0) Raman line in the approximation that the small splitting (42) 
produced by the crystalline field and the quadrupolar forces is neglected. When 
this splitting is taken into account, the infrared line shifts by —0.05 cm! 
(only the m = +2 level is infrared active in absorption, cf. Section 3) whereas 
the Raman line splits more or less symmetrically about the m = +2 level 
(cf. (42)). Experimentally, the S,(0) Raman line has not yet been resolved. 
The center of the line should therefore coincide with the position of the 
infrared line, and this is what has been observed (cf. I). This result verifies 
our conclusion that the bound v = 1, J = 2 excitations do not travel through 
the lattice and are accordingly not broadened into an energy band. 


7. ROTATION-VIBRATIONAL FREQUENCY ANALYSIS 
To calculate the shifts produced by the intermolecular forces in the rotation— 
vibrational frequencies of the molecules, it is necessary to have a consistent 
set of formulae expressing the rotation—vibrational band constants in terms of 
the mechanical properties of the molecules. We first discuss free hydrogen 
molecules. For a given value, J, of the rotational angular momentum the 
effective potential for the radial motion is given by (cf. Pauling and Wilson 


1935) 
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(53) U(r) = hew(ge?+Md +Aokt+ .. .) + ghcwI (J+1) (—20E+3ME+ .. .), 


where 


(54) = se ig (4 


For the low-lying vibrational states / is of the order of magnitude of the ampli- 
tude of vibration. The variable £ is therefore of the order of unity, and d is the 
expansion parameter in the expansion of the rotation—vibrational interaction 
arising from the variation of the centrifugal force over the amplitude of 
vibration. The constants A, As, . .. are the anisotropy constants. Two expansions 
are involved in (53), and in principle these two expansions are independent 
of each other, i.e. it is possible to have a large anisotropy and a small rotation-— 
vibrational interaction, or vice versa. In hydrogen the situation is such that 
\, and d” are of the same order of magnitude, so that there is effectively only 
one expansion parameter. To conform to standard notation we introduce the 
dimensionless anisotropy constants 


Se dy, = 2X,/X", 


which are of order unity. The non-vanishing band constants appearing in the 
various orders \” are given in Table I together with their orders of magnitude 


TABLE I 


Band constants in order \* 


Band constants cm"! 


! 


We 108 
were, B, 10? 
WeVe, He l 
WeZe, D., Ye 10°? 
Welle, €e, Be 10-3 


webe, Ne, 5e, He 10-5 


n 
0 
2 
4 
6 
8 

10 


which clearly show the progressive nature of the successive approximations 
obtained in this way. For the accuracy required in our work it is necessary to 
go to the 6th order involving eight band constants. The quantities w,/w; 
wX,/Mw, B,/dPw; wey-/Atw, a, /A4w; etc. are power series in ascending powers of 
\‘ starting with terms of order unity, which have been calculated by Dunham 
(1932). To obtain a consistent approximation, we should take into account in 
these series the terms of order 1 and \*. However, to make the analysis not too 
involved, we neglect the terms in \‘ in these series, and in this way we obtain 
the following set of relations: 


2 ‘ 
=e, WXe = a wA 20(2), 


re 
|B 1° Bh eAalA) 
(56) . ila We = FA WA 30(4), 


Qe ; MwA (1), WZ. = iu x wA 4o(6), 


\D, 4%, ¥, = $\°wA 01(8). 
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The quantities A20(2), etc. are algebraic expressions in the anisotropy con- 
stants a,, and the numbers in the parentheses indicate the number of constants 
involved. We use the experimental values of Stoicheff (1957) for the quantities 
in the left-hand sides of (56). There is no experimental evidence for a non- 
vanishing value of w,.z, and we therefore put w,z, = 0. From B, we obtain 


(57) \? = 2B./w, = 2.765 X10-. 


The constant D, = }\*w, is equal to 0.0465 cm—!, whereas the experimental 
value is 0.0468 cm~!. The constant a; can be determined from a,, a2 from 
w,.X,, etc., as has been done by Stoicheff (1957), giving 


(58) a, = —1.598, a2 = 1.868, a3 = —2.072, G4 = 2.261. 


Because we have restricted ourselves in (56) to the first non-vanishing terms, 
the values (58) do not represent the true values of the constants a,, but are 
chosen such that (56) gives exact values for w.X,, W:Ve, @e, and Y-¢. 

We now investigate the effect of the terms f(r1)+/(r2) appearing in the 
potential of the intermolecular forces (cf. II, eq. (33)) on the rotational and 
vibrational properties of the molecules. In the solid these terms give rise to an 
additional term of the form U’(r) in the potential energy of each molecule. We 
develop U’(r) in powers of r—r,, giving 


(59) U'(r) = —hew(miét+turé?+ ...), 


where yy, we, . . . are dimensionless force constants. In the calculation of the 
effect of (59) on the band constants of the molecule, we retain only the terms 
linear in wy. Eventually it will be necessary to take into account the higher 
order terms in yj, we, ..., but for our present work the first approximation 
linear in yp, suffices. Eliminating the term in U(r)+U’(r) linear in r—r, we 
find, after some straightforward calculations, the following expressions for the 
resulting changes in the mechanical constants of the molecules: 


Ar, = pil, Aw = 5 pidaxe, 


— du,\ajl, AX _ —\"(1+4a,), 


(60) ' 
| Aa = pw3A(a,;—3a}+4a2), Ade = pA(2d2—3a;a2+5a3), 


| 15 
[Aas = uid(3a3—-> a1a3+-6a,), Ad, = MA (4a4—9aya4). 


The resulting changes in the band constants (56) are readily evaluated, and 


are given by 

[Aw, = —1754y1, Aw x, = 33.0u1, 
AB, = —20.2u,, iy, = ~6l.2i:, 
| da, = 0.695p;, Ay. = —0.94441, 


AD, = 0.0092y. 
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The value of yw; can be determined from the observed frequency of the S,(0) 
line and the calculated shift of this line due to the quadrupolar forces (cf. 
Section 5). This leads to the value yn; = 4.4X10-* used in the preceding 
sections. A theoretical estimate of uw; can be obtained by assuming that the 
force 4; comes from the dispersion forces, and using for the constant C in the 
potential, V = —C/R®, of these forces the approximate expression (cf. I1) 

3 EE» 


(62) E =. Ss A ee ee 


2 E\+E2 


The quantity uw; is then given by 


(63) wu = (31/4hcwa) (Ean'+4E'x*) D> (a/R), 


the numerical value of which is equal to about 7X10~*. This value is of the 
same order of magnitude as the semiempirical value of 4.4X10~*; the dis- 
crepancy between the two values may be due to the neglect of the terms in 
u?, wo,...in (61), or to the neglect of the contribution of the overlap forces to 
the theoretical value (63). We shall, however, not investigate these points 
here. We remark only that in connection with the frequency analysis discussed 
here it would be interesting if accurate experimental values for the infrared 
and Raman frequencies in the overtone region could be obtained. 
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ABSTRACT 


K-conversion coefficients for gamma transitions in Dy!®° have been measured 
and the transition multipolarities determined as follows (Z,, ax, multipolarity) : 
86.7 kev, 1.5 (£2); 197 kev, 1.6107 (£2); 216 kev, 4.0X107? (E1); 299 kev, 
13X10 (£1); 880 kev, 3.1X10-? (£2); (962+966) kev, 2.5X10-% (E2); 
1179 kev, 6.6X10-4 (£1); 1205 kev, 4.61074 (£1); 1273 kev, 6.110-4 (El); 
1315 kev, 3.9X10~4 (Z£1). Relative transition intensities are compared with the 
predictions of the Unified Model of Bohr and Mottelson and the asymmetric 
rotor theory of Davydov and Filippov. Transition intensities from the 966-kev 
level to members of the ground state rotational band suggest the asymmetric 
rotor interpretation. 











INTRODUCTION 
For some time the unified model of Bohr and Mottelson? has received 
experimental confirmation in the rotational and vibrational behavior of nuclei. 
Nuclei in the mass range 150 < A < 190 have been of particular interest 
since in these occur large departures from spherical symmetry which are such 
a striking feature of the collective behavior of the nucleons. 

Recently Davydov and Filippov (1958) have taken a somewhat different 
point of view regarding the energy levels and transitions in even—even nuclei. 
They employ an asymmetric rotor model of the nucleus in which the condition 
of axial symmetry inherent in the unified model has been relaxed. Rotational 
states on this model give levels in even—even nuclei which include positive- 
parity states described by the unified model as y-vibrations. Some experimental 
evidence has appeared in support of their theory (Van Patter 1959; Mac- 
Donald 1959; DeMille et al. 1959). Considerable agreement is found with their 
predictions of transition intensities from the first and second 2+ excited states 
in even-even nuclei over a wide range of atomic masses. This agreement is 
quite good well outside the mass region where large nuclear distortions are 






















found. 

The beta decay of Tb'® feeds levels in Dy! well above the ground state 
and results in a large number of gamma rays which cascade through levels in 
Dy'®, making possible interesting tests of the theories. 

Many workers have studied the Tb' beta decay. The present paper 
describes the measurement of transition intensities and conversion coefficients 
in Dy'® which have previously been reported only very briefly (Clark and 
Knowles 1957). Some evidence is found which favors the asymmetric rotor 










theory. 
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*See for example Alder et al. (1956). 

®The paper of Nathan (1957) summarizes rather well the work previous to his own. More 
recent papers by Backstrém et al. (1959) and Grigorev et al. (1958) are also of interest. 
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CONVERSION-ELECTRON MEASUREMENTS 


Sources for the study of conversion electrons were prepared by irradiating 
milligram quantities of terbium oxide in the NRX reactor to about 150 
curies/g specific activity and subliming a portion of this material under 
vacuum onto 200 microgram/cm? aluminum foils through holes 1 to 3 mm in 
diameter. 

Studies of the conversion-electron spectrum were made using two magnetic 
electron spectrometers: a conventional lens spectrometer operated at 2% 
resolution (Bell and Graham 1952) and a ring-focus double-lens spectrometer 
operated at 0.7% resolution (Elliott et al. 1954). Typical results are shown in 
Figs. 1(a@) and 1(6). Conversion-line intensities after decay corrections are 
given in Table I. In the case of the K 86.7-kev line, whose energy is 33 kev, 
corrections for absorption in the 200 microgram/cm? foil covering the stilbene 
scintillation detector and for the pulse height distribution in the latter 
amounted to about 17% in magnitude. The absorption and pulse-height- 
distribution corrections were determined as a function of momentum by a 
study of the counter pulse height distributions for various spectrometer 
settings down to 15 kev with and without an extra 200 microgram/cm? foil 
over the counter. For all other conversion lines these corrections were less 
than a few per cent in magnitude. 


GAMMA-RAY INTENSITY MEASUREMENTS 


Gamma-ray relative intensities were measured by means of a 2 in. by 2 in. 
Nal(TI) scintillation detector, a curved-crystal gamma-ray spectrometer, and 
the ring-focus electron spectrometer with Pb and U photoelectric converters. 

Figure 2(a) shows the gamma-ray spectrum of Tb'® obtained using the Nal 
scintillation detector optically coupled to an RCA 6342 photomultiplier whose 
output was displayed on an Atomic Instrument 20-channel pulse height analyz- 
er. The latter was operated with a biasing arrangement to study 100 separate 
pulse height channels, 20 at a time. For the gamma-ray measurement a beta 
source used for the conversion measurements was employed, the beta rays and 
conversion electrons being stopped by 1/4 in. of lucite. The source and lucite 
were placed 9 inches from the detector, and a conical collimator allowed 
gamma rays to strike only the front face of the Nal crystal. The arrangement 
was carefully calibrated for the variation with energy of the pulse height 
spectrum shape due to monoenergetic gamma rays. This calibration employed 
sources of Hg (279 kev), Au! (411 kev), Cu® (511 kev), Cs? (662 kev), 
Zn® (1119 kev), and Na*® (511 and 1277 kev). Absorption corrections were 
required for the lucite beta-ray absorber, the aluminum crystal cover, and the 
magnesium oxide layer over the Nal crystal. These corrections were 10% or 
less in magnitude for all but the 86.7-kev gamma ray (21%) and the K X rays 
(40%). The intensity ratio obtained for the 511- and 1277-kev gamma rays 
from the Na” calibration source, after all corrections, was 1.77+.12 with all 
errors included. Various workers have measured the electron-capture-to- 
positron-decay ratio for Na® (Strominger et a/. 1958) from which one derives 
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a gamma-ray ratio 1.78+.02. The agreement here is well within the estimated 
error of 7% in our measurement. The fitting of the more complex Tb’ spectrum 
introduces further error, and the final gamma-ray intensities are considered to 
be known to about 15%. This figure is intended to represent a standard devia- 
tion taking into account systematic errors. 
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Fic. 2. (2) The gamma-ray spectrum of Tb!® obtained with a 2in. X 2in. NalI(TI) scin- 
tillation spectrometer. Except where shown, errors are smaller than the plotted points. The 
inset shows a portion of the spectrum as observed with a curved-crystal gamma-ray spectro- 
meter. 
(b) A portion of the photoelectron spectrum of the gamma rays of Tb!® obtained 
from a 22 mg/cm? uranium radiator. Total counts per point are plotted as ordinate. 
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A number of the intense gamma-ray peaks were not well separated in the 
Nal crystal spectrum. Accordingly their relative intensities were determined 
using instruments of higher resolution over more limited ranges of energy. 

The high-energy gamma-ray relative intensities were studied by means of 
photoelectrons ejected from 2-mm diameter radiators of uranium and lead 
22 mg/cm? and 20 mg/cm? thick, respectively. A Tb! source of about 5-mc 
strength was used, and the beta rays and conversion electrons were absorbed 
by about 500 mg/cm? copper placed between the source and the radiators. The 
Co” gamma rays of energies 1172 kev and 1332 kev span the region of interest 
rather well, and therefore a 5-mc source of Co® was used with the same radiators 
to check the variation of photoelectron intensity with energy. Figure 2(b) 
shows the photoelectron spectrum obtained with the uranium radiator. Results 
of the measurements with both uranium and lead radiators were combined 
to get relative intensities. 

Measurements of the relative intensities of the gamma rays below 300 kev 
in energy were also made using a 100-mc source of Tb! and a curved-crystal 
gamma-ray spectrometer (Knowles 1957; Clark and Knowles 1957) (see 
insert in Fig. 2(a@)). One of the main results of these quartz-crystal measure- 
ments was the relative intensity of the 197-kev and 216-kev gamma rays 
which were unresolved in the 2 in. X2 in. Nal spectrometer. 


K-CONVERSION COEFFICIENTS AND GAMMA-RAY MULTIPOLARITIES 


K-conversion coefficients were obtained as follows: 

(a) K-conversion-line intensities were normalized to the total number of 
K-shell vacancies created (i.e. 2Jx). The curved-crystal gamma-ray spectro- 
meter revealed no low-energy gamma rays of appreciable intensity whose 
K-conversion lines would have been missed. 

(6) The gamma-ray intensities were also normalized to the number of 
K-shell vacancies (i.e. Igxray/we Where wy is the fluorescent yield for the 
K shell). 

(c) K-conversion coefficients were then obtained by taking the ratios of 
these normalized intensities; thus 


or = Ik. Tk x ray 
a ae 


The value of we for Dy (Z = 66) is 0.926 (Wapstra et al. 1959). The error in 
this value is negligible compared with our intensity errors. 

Table I contains the K-conversion-coefficient values, the errors being a 
combination of the errors in the various intensities already discussed. For 
comparison of the results with theoretical conversion coefficients we plot in 
Fig. 3 the experimental coefficients as well as the curves for El, E2, and M1 
transitions from the work of Sliv (1958). The calculations of Rose (1958) give 
substantially identical results in this case. The lowness of the experimental 
points in the high-energy region suggests a possible systematic error of the 
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Fic. 3. K-conversion coefficients for Dy!® transitions compared with theoretical coeffi- 
cients due to Sliv (1958). Note that in the ordinate an E* dependence has been removed 
for convenience. 


80 
4 962+966) 


order of 10% in the data. There is no ambiguity regarding multipole assign- 
ments (except for the 393-kev transition where only a limit is available) and 
the assignments are listed in Table I. The (962+966)-kev gamma-ray intensity 
has been split up by means of the relative intensities of Backstrém et a/. (1959). 
The (962+966)-kev K-conversion intensity has been split up by means of the 
relative intensities of Ewan et al. (1959). The two transitions have the same 
value of ag within the errors. No evidence for M1 or M2 admixture can be 


found in any of the conversion coefficients within the accuracy of the measure- 
ments. The assignments are in agreement with those of Nathan (1957) with 
the exception of the 1205-kev and 1315-kev transitions which he did not 
observe. They have, however, been studied by Backstrém et al. (1959), whose 
results agree with the E1 assignments determined here. 


LEVEL ASSIGNMENTS AND TRANSITION INTENSITIES 


The transitions studied in this work can be placed unambiguously in the 
level scheme shown in Fig. 4, which is consistent with the work of both Nathan 
and Backstrém. Recently Ewan et al. (1959) have obtained powerful indepen- 
dent evidence for this level scheme primarily on the basis of high-precision 
measurements of conversion-line momenta. The spin and parity assignments 
follow from the observed multipolarities and the gross features of the relative 
transition intensities. 

The levels at 86.7 kev and 284 kev, as pointed out by many investigators, 
have all the properties of a rotational band based on the ground state. 

Transition intensities from the 2+ level at 966 kev to the ground state band 
have been discussed previously (Nathan 1957; Clark and Knowles 1957; 
Grigorev et al. 1958) in terms of the unified model. We have re-evaluated the 
reduced transition probabilities since our previous publication (Clark and 
Knowles 1957) taking into account the presence of the two transitions of 
962 kev and 966 kev as mentioned above. Assuming pure £2 radiation for the 
966-kev transition, the theoretical conversion coefficient, and our absolute 
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LEVELS IN Dy” 





Fic. 4. Level scheme of Dy!® (Nathan 1957; Backstrém e¢ al. 1959; Ewan et al. 1959). 


TABLE II 
Gamma-ray transitions from the 966-kev level 





Relative reduced E2 transition probabilities 





E,, Asymmetric Nathan 
kev Transition K=0 K=2 rotor This expt. expt. 
966 2+-+0+ (£2) 1 1 1 1 1 

880 2+ -—-2-+ (£2) 1.43 1.43 1.9 1.9+0.3 2.4 
682 2+-—-4+ (£2) 2.57 .07 <0.09* 0.012 





*Limit obtained from 2in. X 2in. Nal spectrometer. 


conversion-line intensity as split up according to the high-resolution results 
of Ewan et al. we obtain the reduced transition probabilities given in Table II. 
Here the error is conservative, as systematic errors should be small in the 
measurement of relative intensities separated only 10% in energy. There is 
clearly a fair agreement with the unified model based on a K = 2 assignment 
for the 966-kev level. However, a discrepancy exists which seems outside 
experimental error. 

In the same table are listed theoretical values based on the asymmetric rotor 
theory (Davydov and Filippov 1958). In this the condition of axial symmetry 
(inherent in the unified model) has been relaxed. The agreement of our experi- 
mental result with the prediction of the asymmetric rotor theory is rather good. 
Van Patter (1959) in a survey of similar transitions over a wide range of 
nuclides has listed considerable evidence supporting this theory of Davydov 
and Filippov. 
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Transitions from the 1048-kev level are rather weak, and our data on these 
are meager. As already described, the intensity of the 962-kev transition has 
been derived from the conversion intensities of Ewan et al. at high resolution, 
taking into account the relative gamma intensities measured by Backstrém. 
The 764-kev transition to the 4+ state was observed in the analysis of the 
2in.X2in. Nal scintillation-counter data, but its intensity is known from 
this only within about a factor of two. In Table III are the predictions of the 
unified model for a K = 2 assignment as well as our experimental results and 
those of Nathan. A value of 2 for K seems reasonable from these data. 


TABLE III 
Gamma-ray transitions from the 1048-kev level 


Relative reduced E2 transition probabilities 


Ey, ee ee eee 
kev Transition Ki=1 Kj=2 Ki =3 This expt. Nathan expt. 








I,—T1e Kt 
962 S34 “0 1 1 1 
765 3+—74+ 0 2.5 ; 0 25%: 





The E1 transitions from the 1265-kev level to the 966-kev and 1048-kev 
levels are of interest since the latter two appear to satisfy the requirements of 
members of a K = 2 vibrational band. In Table IV we present the relative 
reduced transition probabilities as predicted by the unified model for both 


TABLE IV 
Gamma-ray transitions from the 1265-kev level 





Relative reduced E1 transition probabilities 





kev Transition Ki =1 Ki =2 This expt. Nathan expt. 








Ey ts Ke 
299 2-—-2+ 2 1 1 1 1 
216 2-—-3+ 2 2 0.5 0.34+0.07 0.38 
1179 2-—-—2+ 0 0.01+0.002 0.009* 








*Derived from conversion-line intensities and assuming pure £1 radiation. 


K = 1 and K = 2, assuming K = 2 for the final levels in both cases. Our 
experimental results are given, as well as those of Nathan. There is not com- 
plete agreement with the theoretical values, but an assignment of K = 2 is 
highly favored over K = 1. The transition probability for the 1179-kev gamma 
ray (Table IV) shows a retardation of at least 80/1 over the 299-kev gamma 
ray, which supports the K = 2 assignment, since for AK = 2 the 1179-kev 
(£1) transition is K-forbidden. An assignment of K = 0 is thus also ruled out 
for the 1265-kev level, since in this case the transition would be allowed by 
the K-selection rules. 
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DISCUSSION 


The transitions in Dy’ support to a considerable degree the unified-model 
description of rotational and vibrational levels in even—even nuclei. The ground 
state (K = 0) rotational band is clearly established. The levels (966, 2+) and 
(1048, 3+) appear from our data to form members of a K = 2 gamma- 
vibrational band, though the evidence for K = 2 for the 1048-kev level is not 
entirely conclusive. It is more definite than from the results of Nathan (1957), 
who first suggested this possibility. Nathan also proposed that the (1265, 2—) 
and (1358, 3—) levels are members of an octupole band (K = 2). Such a 
K = 2 assignment for the 1265-kev level seems likely from our intensity data. 
We have no evidence for the K value of the (1398 kev, 3—) level. Backstrém 
et al. (1959) have given transition intensities from the 1398-kev level to the 
2+ and 4+ levels in the ground state band which support for the former an 
assignment K = 0. 

Possible differences from the predictions of the unified model do appear. The 
transition intensities from the 966-kev level favor the asymmetric rotor theory 
of Davydov and Filippov (1958). The £1 transition intensities from the 
1265-kev level differ from the K = 2 predictions outside the experimental 
error and Nathan’s results suggest the same discrepancy. Regardless of the 
validity of the asymmetric rotor theory, it would seem that we have evidence 
for the partial failure of K as a good quantum number in vibrational excitations. 
Further tests of this point would be interesting, and would require accurate 
intensities for some of the weaker transitions. 
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THE SCATTERING OF A PLANE WAVE BY A 
ROW OF SMALL CYLINDERS! 


R. F. MILLAR 


ABSTRACT 


Consideration is given to the scattering of a plane wave by N cylinders equi- 
spaced in a row. The problems associated with scatterers, both “soft’’ and 
“hard” in the acoustical sense, are treated. An application of Green’s theorem 
together with the appropriate boundary condition on the cylinders leads to a set 
of simultaneous integral equations in the unknown function on the cylinders. 

Solutions in the form of series in powers of a small parameter 6 (essentially 
the ratio of cylinder dimension to wavelength) are assumed. In the case of 
elliptic cylinders, the integral equations are reduced to sets of linear algebraic 
equations. Only for the first term in the solution for ‘“‘soft”’ cylinders is it necessary 
to solve N simultaneous equations in N unknowns; all other equations involve 
essentially only one unknown. Far-fields and scattering cross sections are calcu- 
lated. The case of two “‘soft’’ cylinders is given particular attention. 

Conditions for justification of the neglect of higher-order terms are discussed. 
It is found that all terms but the first (in either problem) may be neglected if 
6<1l and (N—1)/(ka) is sufficiently small. (Here a is the spacing between centers 
of adjacent cylinders, and k is the wave number.) For this reason these solutions 
are most useful when the number of cylinders is small. 


INTRODUCTION 


The scattering of plane waves by cylinders has been the subject of many 
investigations. Most of the recent advances in this connection have been 


made by Twersky (1952) and Karp (1955), who consider the effects of inter- 
action between cylinders, although from somewhat different points of view. 
The solution given by Karp is subject to the restriction that the minimum 
spacing between cylinders is very much greater than the wavelength and 
cross-sectional dimensions of the cylinders, and requires knowledge of the 
solution for an isolated cylinder of similar form. Twersky’s method of solution, 
although in theory quite general, is of most practical importance when the 
cylinder spacing is very much greater than the wavelength. 

The perturbation method to be presented here has been employed in one 
form or another by several authors, but so far as is known, not to problems 
in multiple scattering. The formulation of the problem is similar to that 
presented by Row (1955), but the methods of solution differ. Although this 
type of analysis is also applicable in the study of scattering by small, three- 
dimensional objects, only the two-dimensional problems associated with 
perfectly “hard” or “‘soft’’ scatterers (or their electromagnetic analogues) 
will be considered. In order to further simplify the analysis, it is assumed 
that the cylinders (finite in number) form a grating, with equal spacing 
between elements, although neither restriction is essential. The wavelength 

‘Manuscript received October 26, 1959. 
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is of necessity much greater than the cross-sectional dimensions of the cylinders, 
but the separation between scatterers is not necessarily much greater than 
the wavelength. 

The boundary condition assumed on the cylinders is the vanishing of either 
(1) the total wave function (u), or (2) its normal derivative (du/dn). An 
application of Green’s theorem leads in each problem to a set of simultaneous 
integral equations for the unknown distributions on the cylinders. In both 
cases, the integral equations are reduced to linear algebraic equations when the 
assumption is made that the unknowns may be expanded in series in powers of 
a small parameter (6) which involves the ratio of cylinder dimension to wave- 
length (see, for example, Bouwkamp 1953, where diffraction by a narrow slit 
is treated in this manner). Analytic evaluation of the first terms is carried out 
for the case of identical cylinders of elliptical section, of which circular cylinders 
and strips are particular examples. The scattering cross sections of the structure 
are found, and certain special cases are considered. 

When the normal derivative of the wave function vanishes on the cylinders, 
it is found that, to a first approximation, each cylinder scatters independently 
of the others, but interaction effects are apparent even in the first approxi- 
mation when the wave function vanishes on the cylinders. 


PROBLEM (1): « =0 ON THE CYLINDERS 


Derivation of the Integral Equations 

Let the cylinders be arranged so that their generators lie parallel to the x 
axis of a rectangular Cartesian co-ordinate system (see Fig. 1). At the moment, 
the shapes of the cylinders will be unspecified, but it is assumed that some 
point interior to each, termed the center, lies on the positive y axis, with the 
origin of co-ordinates situated at the center of the first cylinder C,. The center 
of the vth cylinder, C,, has co-ordinates [(v—1)a, 0] in the (y,z) system. Here a 
is the distance between centers of successive scatterers, and the subscript v 
runs from 1 to N, where N is the number of cylinders. 

Let the total wave function be u = u'+u* where u 
the incident plane wave whose propagation vector makes an angle a with the 


i ik(y CoO8 a+z sin a) is 


=e 


Ply,z) 


Fic. 1. Geometrical configuration of cylinders, and symbols employed in the analysis. 
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positive y axis, and wu® is the scattered field which satisfies an appropriate 
radiation condition. (The time-dependence factor e“‘ is understood to multiply 
all field quantities.) 

If P(y,z) is a point exterior to C,,C2,... Cy then, since (v?+?)u*(P) = 0, 
an application of Green’s theorem in the region bounded by the contours 
C1,C2,...Cy, a small circle Cp about P, and a large circle Cy enclosing Cp, 
C,,...Cwy leads to the following expression for u*(P): 


(1) u’ (P) =- is [es 5 HM ers) —H(kr,) 2 ao las, 


vel 
where 2, is the unit normal drawn outward from C, and 7, is the distance 


from P to the point of integration on C,. The integral along Cy becomes 
vanishingly small as Co recedes to infinity. 


Since u8 = —u! on C,, 
(2) u(P) = —- is | a2 0 (kr,) +H8(kr,) ae ds). 
v=] y 


If, now, P tends to a point P, on the Ath cylinder, then in a similar manner 
it may be shown that 


N N i 
(3) = J HS” (kya) xds, = —4iu'(Pa)— >> J, HY (erin) * ds, 
v=] v v=] v v 


where A = 1, 2,... N, and x, = du°/dn,. Here, and in future, an upper case 
Greek subscript will refer to a fixed point on the corresponding cylinder. Thus 
r,, is the distance between a fixed point on C, and a point of integration on 
C,. In the derivation of equations (3), use has been made of the following 
relationships in order to eliminate normal derivatives of Hankel functions: 


19 7) _ a] = e'eo v=, 
Se an, (Rrva) Hy (Rrva) an, ds, = 0 ee. 


The equations (3) form a set of V simultaneous integral equations in the 
unknowns x,. At least two methods of approach to their solution appear 
feasible. Although only one of these will be employed here, an outline of the 
alternative seems worth while. This may be found in the Appendix. 

Let it be assumed that 


oo 


(4) bx, = >> ape", 


n=0 


where 6 = kb <1, and 3 is a characteristic dimension of the cylinder. For 
vy = \, the Hankel function appearing in equations (3) may be written (see 
for example, Bouwkamp 1953) as 


(5) H(kra) = HO (Ria) = 2 (Wot vid? yas... 
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where 
[ Yo = p+log |2Rral , 


(6) | — ae Rx # (»— 1-4... —2-+log Rl) n> 0, 


76 eg 
|p = ing ae 


and log y = 0.5772157 ... is Euler’s constant. 
If, on the other hand, (nal are co-ordinates of a point on C,, then 


y» = (v—l)a+bY,, Za = bZ5, 


where (Y,,Z,) are normalized co-ordinates with origin O, at the center of 
C, (see Fig. 1). When v # X, the first terms in the Taylor series for H{” (kr,,) 
about 6 = 0 are 


(7) HE? (krva) = HS? (\v—dlka) —enH{” (\v— dl ka) (Y,— Vx)5+0(8"), 


where 
is > X, 


See a Sep 


(8) ey = 





Since H{” (kr,,) is, for » ¥ X, an analytic function of 6 except when kr, = 0, 
it is easily shown that the series (7) is convergent if |y—A|a > b[(Y,— Ya)? 
+(Z,—Z,)*]*. In particular, if d, is the minimum diameter of the circle 


centered at O, and circumscribing C,, v = 1,2,...N, and if d = Max. yi” 
yenl,2,, 


then the series (7) is convergent if a > d. The convergence is rapid ie 
a > d, and becomes progressively slower as a approaches d. 
If u'(P,) is written in the form 


(9) 


and the coefficients 4“ are defined by the relationship 


u'(P,) = > tn(Pa)d", 





N i oo 
(10) —4iu'(Pr)— > 5 H8” (krva) a > An 
v=l Cy On, n=0 
then, since u/(P,) is independent of P, (and so Af = —4iuj(P,)), the follow- 


ing equations are satisfied by aj: 


(11) 4 aryo(d, A)dsy+2 = H$(\»—nika) ff aids, = —4ius(Pa), 
wb Cr b ver Cy 
rA,A = 1,2,...N. 
The equating of terms of order 6 leads to a similar set of equations for 
a’. Because 


on, 


= (0, 
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(2) 2 f.0- Nha) Ht oH (y—a fea) (Ys ~%) aut) 4, 


- ST gOu,— dui 
= & HS (y—ra) J, 2 as. 


Since u} is a solution of the Laplace equation, the integral on the right- 
hand side of equation (12) may be shown to vanish for all v; therefore 


os 


(13) A,= t= —4iul(Pa)—2 f Yo(A, A) — mm o™ 


and 


97 . . 
(14) iit date 7, H§(\v—Nika) f aids, 
Tv Cy b vr Cy 


ou 


je —4ini(Ps)—2 [ yo(r, a) 2 dn+5 ©, enHZ$((y— 2a) 


x ‘. void, bees 7008 


The similarity between the left-hand sides of equations (11) and (14) is at 
once evident; this is a characteristic of the integral equations for terms of 
all orders. 

In order to proceed further, it appears necessary to be more specific in 
regard to the shape of the cylinders. In the following section, the coefficients 
a}, a} will be determined for identical cylinders of elliptical form, with par- 
ticular attention being given to the case NV = 2. 


Solution of the Integral Equations for Elliptic Cylinders 

To determine the functions a}, a} for elliptic cylinders, it is first necessary 
to finda suitable representation for Yo(A,A). If a point has Cartesian co-ordinates 
(y,z) with respect to O,, then the transformation to elliptic co-ordinates (u,,0,) 
with respect to O, is (see Fig. 1) 


y = (v—1)a+0(cosh yp, cos 6, cos 8B—sinh yp, sin 6, sin 8), 
z = b(cosh yp, cos 8, sin 8+sinh yp, sin 6, cos B), 


and a point on C, is determined by (Y,,Z,) where 


(15) J Y, = cosh u cos 6, cos B—sinh u sin 8, sin B, 
(Z, = cosh u cos 8, sin B+sinh pu sin 6, cos B. 


Here yu is the constant value of yu, on each cylinder, @ is the inclination of the 
major axes to the y axis, and 20 is the distance between foci of the ellipse. 

It may be shown (see, for example, Morse and Feshbach 1953) that, in 
terms of the elliptical co-ordinates defined above, 


—np 


(16) Yo(A, A) = ptu—-2 Zz. = (cosh nu cos n& cos nO, 


n=1 
+sinh ny sin n6 sin 16,4). 
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Also, 






(17) pear <4 on et s-Dke cos a 

ui(P,) = se « [cosh » cos 64 cos(a— 8)+sinh wsin 6, sin (a—8)]. 
Since 
(18) ds, = b(cosh? u—cos? 0,)*d8,, 






the functions aj defined by 





(19) a} = (cosh? u—cos’ 6,)* a? 





satisfy the equations 






(20) 2 aowo(A, A)do+ Dy HS (\»—n)ka) add, 
on — gig ee 1A =1,2,...N 


When the representation (16) for Yo(A,A) is employed, it is seen that the 
a? are constants (that is, independent of 6,), determined by the following set 
of simultaneous linear algebraic equations: 


















21 i(\—1)ka cos @ 


a 
(21) = (ptuod+ © Hi (\p—Alka)as = —Se A ee Fe. 
Tv VX i 






The determinant of this system is 















| 
Hy "(ka) Hj? (2ka) ... Ho[(N—1)ka] 





21 
- (p+n) 









(22) Dy = ay + e+e) Hy" (ka) ... Hs [(N —2)ka]] 


N 
amc 1)ka] gain ~2)ka) H{?[(N—3)ka] . 7 p+u) ; 





It would be of interest to know whether Dy possesses, when 6 > 0, any 
zeros for real values of ka. For N = 2, it may be shown that the conditions 
for such a zero are 






Jo(ka) = +1, Yo(ka) = ae | u-tlog (24) ], 


and these imply that ka = 6 = 0, a solution of no significance. On the other 
hand, if N > 2, and ka is large, then it may be shown that no zeros exist; 
for 







Dy = AN*{A?—[(N-1Hi+(N—2)Het+ ... +1-Hy—1]+O[(ka)*"} 










a | 


one EY oo ay inka—}r t 
(mtu), H, = Ho (nka) (2. e . 
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The condition Dy = 0 is thus equivalent to 


A® = [(N—1)Hit+ ... +1-Hy_1]+0[(ka)~*”]. 
But 


\(w—1)H-... + 1-H <2 | itw(s44+ ‘one t)I. 


so the right-hand side of the above equation is less than unity if ka is suffi- 
ciently large, while |A?| > 1. Therefore under these circumstances Dy ¥ 0 
for real, positive 6. 

In the subsequent work, it will be assumed that Dy # 0 for the chosen 
values of ka and 6. 

The solution of equations (21) is readily found for sufficiently small NV. 
For example, if V = 1, 


1 1 


(23) ao = “S4a° 


while, if NV = 2, 


(24) “ = [4(pt+u)+2mrie™ °° “H$” (ka)]/De 


ay = [4(pt+p)e* °° *4+2riH)” (ka)]/D>. 


The real and imaginary parts of 47a) (equations (24)) are, in Fig. 2, plotted 
as functions of ka and a, for de" = 0.01. 
It may be observed (see equations (21)) that, in general, the a’ are functions 


of 
pel mle) 


and are independent of the angle of inclination 8. Further, it may be shown 
that 2be" is equal to the sum of the lengths of the major and minor axes 
of the ellipse. Thus, insofar as the shape of the ellipse is concerned, the solution 
a’ is dependent only on the sum of the lengths of the major and minor axes. 

The first-order equations (14) may be solved in much the same manner 
once the integrals appearing in the right-hand sides have been evaluated. Since 


a 


0 
ds) om, = 6), den ’ 


a simple calculation gives 


eae er 5 
a J Wo(A, A) on; ds, = 4e™sinh pu cosh p cos (6,—a+f)e 4 ?* 8% 
wT JC On 


while 
f. (Y,—Ya)aods, = —2zao(cosh pu cos 64 cos B—sinh yu sin 8, sin B). 


If functions a} are defined by 


(25) at = (cosh? p—cos’ 6,)° ai, 





‘oa, =? ‘°06 = 7 — - — ‘0=7--- 
*T > Dy JO} D1WYyWIeSo] st ajeos DY dy} Jey} 9JON 
‘uMOYs Osje st A}IUYUT 0} spud} DY se ,PMxXE JO (QIN'O?—R9Z'O) BNJVA Buynruny xyz *($Z) uoenbs wos payejnoyeo ‘o 
aouaprou! JO sajsue JudIayIP pue ‘[O'O = 9g ‘Z = AN 10} DY JO SuOTjOUNY se ,9xe Jo sjred AreulseU! pue [ed °*Z “DIY 
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then the first-order equations (14) become 


. Qe 2r 
(26) = J aiyo(d, A)d+ >, Hé(\v—Alka) J a’ dd, 
v 0 vr 0 


= 4¢[cosh’ u cos 64 cos (a— 8)+sinh’ p sin 64 sin (a—B)Je“4~™* * * 


—22(cosh u cos 64 cos B—sinh p sin 6, sin B) >> avenH{”(\y»—Alka), 
vr 


So RE ey 


where e,, is defined by equation (8). 
The solution of these equations is 


r » A; 
a; = Bi cos &+y71 sin 4, 


= ie'O-Y** 8 2-osh uw cos (a—B)— mie’ cos B >, avenHi”(\»—Alka), 
ver 


= je'O—P** 82 inh uw sin (a—B)+4rie*sin B >, avert} (\y—Alka). 
vr 


At this point it is worth while to consider the relative magnitudes of a%, 
oe in order to determine under what circumstances the first-order terms may 
be neglected in comparison with those of zero order. 

The sum in equations (28) is an interaction contribution, and may, for 
small ka, or for sufficiently large N and certain values of a and ka, become 
exceedingly large. The coefficients of higher powers of 6, too, will be large, 
and the condition 6 < 1 is not sufficient to ensure that the first one or two 
terms in the series provide an accurate approximation to the exact solution. 

Consider first the case of small ka. Then the sum in equations (28) dominates, 
and a rough calculation gives 

ahs oS a (1) 
x Spe (N —1)|Hy (ka). 


ao 


PN 
cs if |H?(ka)|« 
ao 


Since ka <1, this condition is equivalent to 
bde*(N—1) < ka. 


If, for example, de = 0.01, and N = 2, then the first-order term may be 
neglected when ka 2 0.1, and equations (24) provide a good approximation 
to the solution. 

If ka > 1, so 


a _ — (p+n) 2° -O™ cos @ , 


then the sum in equations (28) is at most of order |p+u|-![(W—1)/(ka)]*. In 
this case, a criterion for the neglect of terms other than zero order would 
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appear to be de“[(N —1)/(ka)]* K 1, as well as <1. This point has been 
stressed by Twersky (1952), to whom the reader is referred for a much more 
complete discussion. In either case, it seems necessary to keep the ratio 
(N—1)/(ka) small, or else to decrease 6 accordingly. 

Before proceeding with the calculation of the scattered far-fields, the second 
problem, in which du/dn = 0 on the cylinders will be considered. 










PROBLEM (2): du/dn = 0 ON THE CYLINDERS 


Derivation and Solution of the Integral Equations 

The configuration of Fig. 1 will be retained in this discussion. As in the case 
just considered, a set of simultaneous integral equations will be derived for the 
unknown distribution on the scatterers, and this will be solved approximately 
for small, identical elliptic cylinders. 

The scattered field u* at a point P exterior to all the cylinders is (see 
equation (1)): 









v=] cy 


; | ; a a i 
(29) u'(P) = : 2: E ro H3” (kr,) +H” (kr,) a] ds,. 





When the point P lies on Cj, 





: . N . ‘ a 0 i 
(30) u'(P,) = : x fle Bm, EEO” (kr ea) +H” (bron) a ds,. 


Ny 





In equation (30), the integral involving the normal derivative of Hj? (Rr) 
is to be interpreted as a Cauchy principal value. 

If the value of u* on C, is denoted by ¢,, then the following set of simul- 
taneous linear integral equations is obtained for the unknowns 4¢,: 







: N 
z 9 pa) 
(31) os-$ J, 0 HS (brea)ds, 
ia ff du' 
“ia J. Hy" (kroa) 3 ds», A= 1,2,...N. 





The above equations differ in certain respects from the set (equations (3)) 
considered previously. The unknown distribution on the cylinders appears 
outside the integral as well as under the sign of integration, and the kernels are 
normal derivatives rather than Hankel functions alone. Nevertheless the same 
procedure that was employed in the solution of the first problem may be 
followed here to obtain an approximate solution for small elliptic scatterers. 

In terms of the elliptic co-ordinates introduced at an earlier point, the 
equations (31) may be re-written as 











. N Qr 
(32) a-5  f 62 HN Cera), 
2 y=1 0 Opy 










i N Qn au 
=> H$§? (krva) —— d,, 
2 vex] 0 Ou, 
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If it is recalled that the integral involving 0H‘ (kr) ,)/Au is a principal value 
(so that 6, 04), it is not difficult to show that the normal derivative of the 
Hankel function is well behaved throughout the interval of integration. In fact, 


kb® 


TRA 


= HO (kr) = H}”(krya) sinh 2y sin® $(0,—8,), 
» 


rya = 4sin” $(@.—O,)[sin® $(@.+0,)+sinh *y], 
and if kry, K 1, while @ ¥ 64, OH{(Rrx,)/ Ou, is proportional to 
sinh 2u[sinh?u+sin? 3(@,+6,)]7!. 


Appropriate expansions for 0H‘ (kr,,4)/du, may be obtained by the differen- 
tiation of equations (5) and (7). In the latter case, where v ¥ X, 


(33) jc HO (eras) = —enH!(\p—dlka) 8 


X (sinh pz cos 6, cos B—cosh yu sin 6, sin 8) +0(8°), 


where once again yp is equal to the constant value of uw, on C,. 

To determine 0H‘ (kry,)/Ou,, consideration of A¥o(A,A) / Au is required. Here 
it is necessary to assume at the outset that uw, ¥ wa. It is immaterial whether 
uy is taken to be greater than or less than yg. In the following analysis, it will 
be assumed that uw, < wa = uw, and thus Yo(A,A) is determined by equation (16) 
with uw replaced by uw, in cosh mu and sinh nu. Then, 


0 —_ ae 4 
= Wo(A, A) = —2 >, e ™ (sinh muy cos 19% COS NO, 
My n=1 
+cosh muy sin 19, sin 194). 


The summation may be performed, after which it is seen that 


0 — —2n 
(34) 5 Wo A)| = B+ De cos (6,404). 
By wr=p n=1 


Let the right-hand sides of equations (32) be expanded in the form 


. Bh 8". 


n=0 


With the aid of equations (5), (16), and (17), it may be seen that 


( Bo = 0, 
| pt — 


5 abe ee 
Die \A-Y*A £08 20-* cinh uw cosh u cos(0,—a+B), 


| 
{ 


Finally, if @, is assumed to be expressible in the form 


(36) ¢ = >> ois", 


n=0 
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where the coefficients 6” are functions of 6, with period 2z, it follows that 


+t f" xi} re é on * cos n+) | dy = 0, 


n=1 


bi tot fs 4 + y e "cos nltr+0a) | da 


+5) xX caHl?(v—niko) f bxd0, = Bi, 


The equations (37) may be solved by expanding the unknowns in Fourier 
series in 0, and evaluating the integrals. The solution is 


bo = 0, 
(38) | by = ie’-?** 8 “Tinh w cos 6, cos (a—8)+cosh u sin 8, sin (2—8)], 


and 
(39) ¢, = ibe’ °° “Isinh u cos 8, cos (a— 8B) 
+cosh yp sin 6, sin (a— 8)]+0(8’). 


To a first approximation each cylinder scatters independently if the terms 
designated O(6?) are truly negligible. In this connection, it should be noted 
that conditions on the present solution analogous to those which follow equa- 
tions (28) may also be obtained, although interaction effects do not become 
apparent until higher-order terms are considered. 


FAR-FIELDS AND SCATTERING CROSS SECTIONS 


The determination of the scattered far-fields through equations (2) and 
(29) (for problems (1) and (2), respectively) involves a relatively simple 
calculation. If (R,¢) denote polar co-ordinates of the far-field point (see 
Fig. 1), so R > Na, RR > 1, then the distance 7, from a point on C, to the 
far-field point is r, = R,—b(Y,cos¢+Z, sin), where R, represents the 
distance from the center of C, to (R,@); thus R, = R—(v—l)acos ¢, v > 1; 
R, = Kp = 1, 


Problem (1): u = 0 on the Cylinders 
In this case, it is readily shown that 


Jon's 12 77 (by, )ds, ~ = O(8, 
* Se dss ~ TeeRy 


ikR 


VER [2V/ (Qa) e te 1-2 8 $45 4 O(5")], 


J. HO (kr,) ns Be 
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so 


ik(y cos a+z sin a) Tv 4 ae ie: yen * vy —i(v—l)ka cos ¢ 
(40) ure —\9) “Sap: Dy aie +0(8") 


If u is interpreted as the x component of an E-polarized electromagnetic 
field, then, on a large circle of radius R enclosing all the cylinders, the com- 
ponent of the complex Poynting vector in the direction of the outward normal 
is 

wun OR’ 


and the scattered power per unit length of the cylinders is equal to 


P= oe a Re ¥ avai* Jo[ka(v—n)]+0(5°). 
v,j=1 
Here starred (*) quantities represent complex conjugates, uo is the permea- 
bility of free space, and Jo(z) is the zero-order Bessel function. It follows that 
a, the scattering cross section per unit length of the N cylinders (defined 
as the ratio of P to the power flow in the incident field through unit area 


perpendicular to the direction of propagation), is determined by 


(41) a = — =| Re ¥ = avay* Jy [ka(v—n)]+0(6 |. 


k 
a‘) also denotes the scattering cross section for cylinders that are “soft” in 
the acoustical sense. 


Examples 
= 1. From equations (23) and (41), 


v,n=1 


(42) 


If the ellipse degenerates into a strip of width 26 (u = 0), then, for any 
inclination to the y axis, 


q) a | 1 


) 
(43) TisTRIP = es ee WT is 
[Le (2 yy +7 | 


a result which has been obtained previously on a number of occasions (see, 
for example, Bouwkamp 1954). 
For the case of a circular cylinder of radius 7p, 


2 
(44) Rime | | OE] , 


[tox (2) J+ 
where 6’ = kro. 


It will be observed that o‘? is, to a first approximation, independent of the 
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angles of incidence (a) and inclination (6), and depends only on ée*. Thus a 
small circular cylinder scatters the same power as a strip whose width is 
twice the diameter of the cylinder. 

N = 2. Some algebraic manipulation leads from equations (24) and (41) to 


2 
(45) 03? = ‘m (Rettslp-+ul"+ n’|H” (ka)|*)[1+ Jo(ka) cos (ka cos a)] 
+4 il Jo(ka)+cos (ka cos a)](p*+")Ho” (ka) } / 


{|4(p-+u)'+ «°[Ho” (ka))"|"} +00). 


Discussion of this case becomes much more difficult for large values of NV. 
However, if ka > 1, interaction and end effects may be usually disregarded, 
and the aj then differ from the value given by equation (23) only in a phase 
factor: 


ae Le ee i(v—l)ka cosa 
p+ 
Needless to say, this will lead to the usual results of the single scattering 
approximation which have been discussed many times previously (for refer- 
ences, see Twersky 1952). 


Problem (2): du/dn = 0 on the Cylinders 
In this case 


S. HS” (kr a ds, ~ —V (23) *"'8" 
en 


sinh 2y sin” 3(a— ¢) TER tO): 


F et l)ka (cos a—cos ¢) 


ett? Uke (cos a—cos sinh’ uw cos (a—B) cos (¢—B) 


1 8 pm a “brig? 
(46) J. so HS (br, ds, ~ V 2a)e Hs 

| 

| 


+cosh’ y sin (a— 8) sin (¢—8)] Saat), 
so 
} et 
(47) ur~ i(2) e's? — TER) [sinh’ u cos (a— 8) cos (¢—8) 
+cosh’ p sin (a— 8) sin (¢— 8) —sinh 2y sin’ 3(a— ¢)] 
N 
x ef(eDka (cos a—c08 $) 1 (5%) 


and the scattered field becomes vanishingly small as 6 tends to zero. 

If « now represents the x component of an H-polarized electromagnetic field, 
or the cylinders are ‘‘hard”’ in the acoustical sense, then the scattering cross 
section per unit length (¢) is 
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N 
(48) oP = ~~ 78 Re x (te sinh’ p cos’ (2—)[Jo(¢) —cos 28J2(t)] 


+e™ cosh* u sin® (a—8)[Jo(¢)+cos 28J2(¢)]+} sinh’ 2u Jo(¢) 
+4e™ sinh 2u sin 2(a—8) sin 28J2(¢) —2ie" sinh Qu 
X [sinh p cos (a— 8) cos B— coshusin(a—8) sin B]Ji(¢)}e"* “4.0(8)), 
where ¢ = (v—n)ka. 
Since 


: onl (v—n) kale {0-9 98% = 25 (N —v) Jon(vka) cos (vka con) 4 ond 
v,n=1 si raf 2n . Lo, auit 
; N-1 


J onal (v—n) kale 1-98 * = —2i YS (N—v)Jon41(vka) sin (vka cos a), 


¥, 1 veool 
equation (48) may be rewritten as 


N-1 


2 
(49) of = ot ts sinh” p cos*(a— awe § L (N —v)[Jo(vka) 


—cos 28J2(vka)]-cos (vka cos a) be cosh’ p sin?(a— 8) 


N—1 


x42 > (N —v)[Jo(vka) +cos 2B J2(vka)|-cos (vka cos at +4 sinh? 2u 
vol 


N-1 


x4N+2 X (N —v)Jo(vka) cos (vka cos at +e sinh 2y sin 2(a— 8) sin 28 


N-1 


x - (N—v)J2(vka) cos (vka cos a) —4e* sinh 2u [sinh up cos(a— 8B) cos B 


v= 


N-1 
—cosh » sin (a—8)sin 6]: >> (N—v)Ji(vka) sin (vka cos «)+0(6)) : 
v=1 


Thus 
N-1 
| Peruire = 2 -" sin’ (a— a)w+2 55 (N—v)[Jo(vka)+ cos 28 Jo(vka) ] 


-cos (vka cos «)}+00)) ’ 


| 


4 —1 
(50) \ ecaliea an i (v 42 = ig ch Salah’ cna tele ced 


= cos 2a > (N —v) J2(vka) cos (vka cos a) 
e v=1 


N-1 
—§ cosa > (N—v)Ji(vka) sin (vka cos x) +0(6")) 
v=1 
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If ka > 1, equations (49) become (if the sums are negligible in comparison 
with NV) 


(51) o> ~ No\, 













and 


2.4 
as 
otsrere = “gp [sin® (a—8)+0(6)], 





(52) 





2 325" 
of omeie = “— [1+0(6’)]. 





The first of equations (52) has been obtained, for a = 42, 8 = 0, a number 
of times (see, for example, Bouwkamp 1954), and higher-order terms in the 
series have been given by de Hoop (1955). 

The neglect of higher-order terms in the series for of (and o) is, of 
course, dependent upon satisfaction of the conditions discussed in the para- 
graphs following equations (28). In particular, for the present case, and 
ka > 1, 








264 
(53) of = Re x {e™ sinh” u cos’ (a—8)[N +4 cos’B Go] 





+e™ cosh’ u sin? (a—8)[N+4 sin?8 Go] +4 sinh? 2u[N+2G)] 
—e™ sinh 2u sin 2(a—8) sin 28Go+4ie" sinh 2u[sinh » cos (a— 8) 
Xcos 8—cosh uw sin (a— 8) sin B]G,+0(4)}, 








where 









(54) G, =,G,(N, ka, cos a) 


P 2 es ee » ieee [ an +2 | 
~ \gka ~~ kad(cosa)J 1 vv er Lt eas 


The magnitude of the sum appearing in G, must be sufficiently small in order 
that the neglect of higher-order terms in of be justified. In this connection, 
the reader is again referred to the paper of Twersky (1952). 







CONCLUDING REMARKS 


Although the analysis in the present paper has been confined to problems 
in which u or 0u/dn vanish on the cylinders, there appears to be no reason 
why scattering by cylinders (or small three-dimensional objects), upon which 
are satisfied more general impedance-type boundary conditions (and which 
may be distributed in a more general fashion), should not be considered in a 
similar manner. 

An application of the principle of images to the foregoing results will, 
when 8 = 0 or }z, lead to the solutions for scattering from an infinite “hard”’ 
or “‘soft’’ plane screen upon which is situated a number of semi-elliptical ridges 
whose dimensions are much less than the wavelength. 
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The method described here is evidently most appropriate when the number 
of scatterers is small; for it has been seen that when N is large, the smallness 
of 6 is itself insufficient to ensure that a good approximation to the solution 
will be provided by the first one or two terms in the series. 

Finally, it should be noted that the solutions obtained above may be only 
asymptotic as 6 tends to zero, since they are not power series in the strict 
sense. On the other hand, for three-dimensional problems, a convergent series 
solution would be expected. 
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APPENDIX 
AN ALTERNATIVE METHOD OF SOLUTION TO EQUATIONS (3) 


Suppose that the Green’s function G,(P,Q) for diffraction by C, is known. 
G,(P,Q) = 0 when P is on GQ, and G\(P,Q) ~ (21/2) log |PQ| as P tends to Q. 

If Green’s theorem is now applied in the region exterior to C, and a small 
circle Cg about Q, then 


: 9 ya 1 eo 
o= | [aco Zu (R|OP|) —Hi eloP) 2.6.7.0) Jas, 


Cy+C 


where |OP| is the distance from the integration point P to some point O 
within CG. 
Thus, 


(1) _ £1F ae 1 oO 
Hy’ (k|OQ}) = fd (k|OP|) am, Gy(P,Q) dsy. 


If now the point O is permitted to approach C,, and Q lies on the surface 
of C,, \ ¥ v, then in the notation that has been previously employed, 


L 0 
(Al) H§ (kr) = J. Ho" (krsa) Gm, OM PrrOr)dsn, vy #~X. 
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Equation (Al) is an example of the well-known relationship which expresses 
a radiative wave function, non-singular in a region, in terms of its boundary 
values and the appropriate Green’s function. 

With the aid of the transformation (Al), the equations (3) may be re- 
written as 


(A2) J. asH9(ena)| 24 Eo Soe ods, | 
Cyr On 


4  Jec,dn, On 
= —4iu'(P,), A= 1,2,...N 
where u = u'+u°. 
Each of the equations (A2) has the form of the equation for scattering 


by C, alone. Suppose, when all cylinders but C, have been removed, that 
the value of du/dn, on C, is U,. Then the solution of equations (A2) is 


ou ,t f ou O : . 
ane <<a coarse yds, = Uj, = 1,2,...N. 

(A3) +7 x ©, Ons om ONPuOr)ds, = Ur, X= 1,2 
Equations (A3) may be solved by successive substitutions with du/dm = U, 
as a first approximation. The series for 0u/dn, may be shown to converge as 
geometric progressions for sufficiently large spacing between cylinders, since 


aGy 
On, 


as |P,Q,| tends to infinity. The first approximation leads to the results of 


(P,Q) = O(|PrQ,|7*) 


independent scattering, while interaction effects are included in higher-order 
approximations. The resemblance which this approach bears to that of Karp 
(1955) is evident. A particular application will be found in the work of 
Baker and Copson (1950) on the infinite slit. 

A solution of equations (A3) by perturbation methods appears to be pos- 
sible. If the functions involved are assumed to be expansible in powers of 
some small parameter, then equations (A3) may be reduced to sets of integral 
equations of the potential type. Since, however, knowledge of the Green’s 
function is necessary in this approach, the perturbation method is more 
readily applicable to equations (3) as they stand. 





ALPHA DECAY AND FISSION OF ALIGNED NUCLEI 


N. R. STEENBERG AND R. C. SHARMA 


ABSTRACT 


The theory of the angular distribution of alpha particles and of fission fragments 
from nuclei aligned at low temperatures is presented. Very explicit results are 
obtained in the high temperature approximation. These are directly dependent 
upon the branching which takes place to the various allowed partial waves. This 
branching is influenced by the nuclear shape, but it is shown that for this problem 
the effect of penetrating a spheroidal barrier is not critical. An application is 
made to the experimental work so far available and the result is reasonably 


satisfactory. 
SECTION 1. INTRODUCTION 


The phenomenon of nuclear alignment at low temperatures is by now 
familiar. Early experiments involved observations on 6 and y radiations 
alone. Recently observations have been made on a particles and fission frag- 
ments (Dabbs et al. 1956; Roberts et al. 1956, 1958). This paper presents a 
theoretical analysis of the emission of a particles and fission fragments from 
oriented nuclei. To obtain nuclear data such as nuclear shape and surface 
conditions they must first be disentangled from purely geometrical factors 
which are troublesome but contain no real physics. 

It would be intuitively expected that a particles from nuclei whose spins 
are preferentially oriented would be emitted anisotropically. Similarly it would 
be expected that if oriented nuclei were allowed to undergo slow neutron 
induced fission the fragments would show a definite angular distribution with 
respect to the axis of alignment. A bonus is provided when the same nuclide 
does both, e.g. U**, for then it is possible to compare both effects independently 
of the degree of alignment. 

It will be helpful to have in mind the experimental arrangement envisaged. 
The nucleus under study must have a spin J > 3. Even-even nuclei are thus 
excluded. It is introduced into a suitable salt and the temperature is reduced 
until the nuclear spins become oriented along a crystal axis of magnetic 
symmetry. The relative population of all the magnetic substates is then 
altered from the statistical value 1/(27+1). Orientation takes place through 
hyperfine coupling of the nuclear magnetic moment to the magnetic field 
of the electrons, or coupling of the quadrupole moment to the crystalline 
electric field, or both. 

For heavily ionizing particles a detector must be placed in the cryostat to 
observe emissions along, and perpendicular to, the axis of alignment. For 
fission the cryostat and specimen are exposed to a flux of slow neutrons. Here 
the detector must be able to discriminate against all but fission fragments. 

The angular distribution of either a particles or fission fragments is governed 
by two factors: 

(a) purely geometric ones which can be regarded solely as consequences 
of the conservation of angular momentum, and 


1Manuscript received September 4, 1959. 
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(6) physical parameters such as the hyperfine coupling and especially the 
branching ratios to the various accessible final states. 

For a decay of an odd nucleus two types of branching must be distinguished 
(see Fig. 1): 

(a) branching to various energy and spin states of the daughter, and 

(6) ina transition to a single energy state of the daughter branching among 
the various allowable a particle partial waves (/ values). 











(9/2 +) 
(7/2+) 
(5/2+) 










Th 







Fic. 1. Alpha decay scheme of U* (Strominger e¢ al. 1958). 





Both types are expected to reflect conditions at the nuclear surface. Our 
particular interest is in ‘favored’ transitions (Bohr, Fréman, and Mottelson 
1955) in which the odd nucleon is not involved and K, the projection of the 
nuclear spin on the body axis, is unchanged. 

It may be noted here that the branching process may also be divided into 
two parts: 

(a) the initial distribution of a particles on the nuclear surface, and 

(6) the penetration of the spheroidal nuclear barrier which may favor 
some modes at the expense of others. 

Most a emitters are in the region of strong prolate distortion. The difficult 
problem of branching in the a decay of distorted nuclei has been discussed 
extensively (see Rasmussen and Segall 1956; Pennington and Preston 1958; 
and references quoted there) but no clear picture has yet emerged. Fortunately 
the angular distribution can be discussed without explicitly introducing the 
effects of asphericity. 

In Section 2 the theory of a decay of oriented nuclei is presented with an 
illustrative example. Simple and very explicit formulae are given for the high 
temperature approximation. In Section 3, the penetration of a spheroidal 
barrier is considered. It is shown that the part of the branching (amongst 
the various / values to a given final state of the daughter) which is induced 
by barrier penetration can reasonably be estimated on the basis of a spherical 
barrier. In other words the effect of asphericity lies mainly in its influence 
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on the relative amplitudes of the partial waves at the nuclear surface and 
does not otherwise enter into the angular distribution. It should be borne in 
mind that the clear-cut boundary between an inside region and an exterior 
(Coulomb) region at a sharp spheroidal nuclear surface is somewhat artificial. 

In Section 4 the theory of fission of an oriented nucleus by slow neutrons 
is presented with an illustrative example. The anisotropy for a decay and 
fission of the same nuclide are then compared. In Section 5 an application 
is made to the only experimental evidence now available, the a decay and 


fission of U*** and the a decay of Np?37. 


SECTION 2. ALPHA DECAY OF ORIENTED NUCLEI 


The angular distribution of a particles from oriented nuclei can be dealt 
with in several ways in varying degrees of abstractness (Brussaard and 
Tolhoek 1958; Rose 1956). The following is perhaps the simplest approach 
possible. The only concept involved is the conservation of angular momentum. 
It is similar to previous treatments of emissions from oriented nuclei (Steen- 
berg 1952, 1954). 

Consider a transition in which an oriented nucleus of spin J (> 1) goes 
to a state of the daughter nucleus of spin J;. (By suitably biasing the detector 
we can in principle observe one a group at a time.) 

It is assumed that there is one axis of magnetic symmetry (the 2 axis) 
along which the nucleus is aligned. It then follows that the statistical matrix 
for the nucleus is diagonal in a representation in which J, is diagonal. In 
other words we can treat each magnetic substate for which J, = M (A units) 
separately. 

Conservation of angular momentum then demands that the wave function 
¥™ of the system, daughter nucleus plus @ particle, coming from an emitting 
state for which J, = M have the following form: 


m+I t 
Qt) WHxr0d) = OY Chem XE OYTO) 


m=—l 


we| Z1— 
where 


x¥-"(x) = wave function of daughter nucleus, 
X = spin and space co-ordinates of daughter nucleus, 


7 i = Clebsch-Gordan coefficient adding states of angular momenta 
l and J, to form a state of spin J. Note that the indices are 
written in reversed order to those of Biedenharn (1952). 


For large r, u:7,(r) has an asymptotic form 
tin(r) = ginetP\?/k 
where k = momentum of a particle, F;(r) = propagating part. 


Our interest is in the ratios g,;,/gor, or rather in the normalized ratios 
fin = gin/(Xilgin|?)*, the 7 sum extending over permitted values. The f77,'s 
are the physically interesting parameters. 
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It may be noted that all the admissible u,;,’s may be quite comparable 
in magnitude in contrast to the case of y radiation where mixtures (except 
E2 and M1) can be neglected. 

The angular distribution of a particles from the state (equation (2.1) above) 
is 


(2.2) Ty (6) = f |y¥(x,0) |” dx. 


In Appendix I it is shown that this can be reduced to the following form 


(2.3) Iy(0) = a. >. Tl,(M I) F, (J 11)Px (cos @) 


where II,(/ J) is given in Appendix I and in particular 
Il,(MI) = 3M?—IJ(I+1), 
P,(cos 0) = the Legendre polynomial, 


and 


Rees ae 
PAID) = C+ r+) (GEOL gS fut VIED Chet 


XW hk: Il), 


W (abcd:ef) = Racah coefficient. 

Let W\?(T) be the probability that a nucleus is in a substate M of the 
parent at a temperature 7. W{? is a diagonal element of the density matrix p 
referring to the nucleus alone W{? = (M|p|M) and Y yW{? = 1. WY has been 
extensively treated elsewhere (Steenberg 1953). The angular distribution (to 
one daughter state) is then 


(2.4) 10) = D Win (0) 


M 


or 
(2.5) 1(6) = 14+ D) Px (cos 6) F(Z 11) 2) Wir (M). 


In experiments the ‘high’ temperature region is the most accessible and 
can be measured most accurately. Furthermore it contains all the nuclear 
information obtainable from alignment experiments. The high temperature 
region is defined by the convergence of an expansion of p = exp(—/k7) in 
powers of 1/k7. § is the spin Hamiltonian responsible for nuclear orientation. 
For some simple cases of nuclear alignment it is possible to work out J(@) 
explicitly for arbitrary temperatures in either form (2.4) or (2.5) (Brussaard 
and Tolhoek 1958). However, for those methods of nuclear alignment used so 
far this is impracticable. The coupling of the nucleus to the lattice may also 
involve dipole-dipole and exchange interactions between the ions and may be 
temperature dependent (solid state effects, see Steenberg 1953). These cannot 
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be included in a calculation of J(@) for arbitrary temperatures. Thus we con- 
fine ourselves here to the high temperature approximation, that is, retaining 
only the first non-vanishing terms in the expansion of p. 

It is then found that in all cases of angular distributions (in parity con- 
serving transitions!) W({ can be put in the form 


(2.6) Wir = (2I+1)™ [1+8M2(M J). 

The parameter 6 depends on the method of nuclear alignment and may be 
complex. For the case of interest here, quadrupole coupling to the crystalline 
field plus magnetic dipole coupling to the ionic spin, the spin Hamiltonian 
is (Bleaney et al. 1954) 


2.7) § = AS,1,4-B(S:I2+ S,Jy)+Q[312— 1(1+1)]. 


A and B are the dipole coupling constants, S is the ‘ionic’ spin, and Q is the 
quadrupole coupling constant, 


(2.8) Q = —e(q/4I(2I—1)) 0E,/ dz, 
nuclear quadrupole moment, 


E, = crystalline electric field. 


(Our definition is that of Pound (1950) and differs by a factor 3 from that 
often quoted.) Here the parameter has the form 


a y= 24 (4*= BY , 100" 
ae ar” BiG y * GTy 


It may be noted that from equation (2.6) if 6 > 0 the nuclear spins are pre- 
dominantly along the axis of alignment and if 6 < 0 they are predominantly 


perpendicular to it. 
With W{ given by (2.6) and J(@) in the form (2.5) we can make use of 
the orthogonality of the Clebsch-Gordan coefficients in the form 


>> 1,(M)T2(M) = 82(2T+1) (27+8) (27—1)1(1+1)/5 
M 
to obtain the high temperature approximation to J(6), that is 
(2.10) I(6) = 1+6P.2 (cos 0)G2(T I,), 
000 W(l'T,27:11). 


Where branches occur to several daughter states with relative intensities 
7(J,) and no discrimination is made then the flux of each must be added to 
form the total angular distribution J,,(@) as follows: 


Trot (9) = D7,t(h)I" (6) 
(2.12) Tior(0) = 1+6P2(cos 0)G2 (total) 
G2 (total) = } ,7(11)G2(7 lh) 
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LY nih) = 1. 


The expressions (2.10), (2.11) agree essentially with Rose (1956) upon 
reduction of the statistical tensor. He confines himself, however, to S and D 
waves alone. 

The parameter used to express experimental results is the ratio R, = 
I(0)/I(m/2) of the intensities parallel and perpendicular to the axis of the 
alignment: 


(2.13) 

















Ra = 1+ (3/2)6G2 (total) 









to the first order in 6. The anisotropy «¢ is defined as e = Ra—1 = 36G;/2. 
Thus if 5G. > 0 there is an excess of a radiation in the direction of the axis 
of alignment and if 6G, < 0 there is an excess perpendicular to it. 











2.1 Illustrative Examples 

In order to illustrate the theory developed above we apply it to some 
specific examples. 

Firstly consider the case of pure radiation, that is, where only one value 
of / contributes in a transition to a single daughter state. This is represented 
in equation (2.11) by f; = 1 and all other fy = 0. Such a situation could occur 
where J, = 3 and IJ > 3/2. Two classes may be distinguished which in a way 
represent extremes: (a) transition for which J, = J+l, “stretched”’ config- 
urations, (6) transitions in which the spin does not change J; = J. 


(a) For stretched configurations G2(J I,) is always negative; 
















for I; =I-l, Gz = —Il(I—1)(21+8)/(2/+8); 
for I; =I+l, Gz = —M(2I—1)/(2/+8). 









Here in both cases, for 6 positive the a emission is predominantly in the 
direction perpendicular to the axis of alignment, i.e., from equation (2.10), 
I(x/2) > I(O). 

Physically this is understandable since L the orbital angular momentum 
vector of the emitted a particle must be predominantly parallel to the z 
axis. The direction of propagation is perpendicular to L and hence pre- 
dominantly perpendicular to z. This is the demand of angular momentum 
conservation alone and is independent altogether of nuclear shape. 

(6) For a transition in which the nuclear spin is unchanged Ge(J J) is 
always positive with one exception (J = l and no parity change G2(J J) = —1). 
For I; = I, no parity change, / = 2, 


G2(I I) = (2I+5)(2I—3)/7. 
















(1 = 2 is the smallest value of / which can contribute to the anisotropy. This 
transition is the predominant group in a favored transition in the sense of 
Bohr, Fréman, and Mottelson 1955.) 







ee 
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For J; = I, parity change, / = 1 
G2(I I) = (21+) (27-—1)/5. 
(J = 1 is the smallest allowed value of /.) In both these cases the a emission 
is predominantly along the alignment axis. 
As a further example and illustrating interference effects we choose the 
ground state transition from U?3* (Strominger 1958) 
(5/2+) — (5/2+), 1=0,2,4 
to Th®®® (Fig. 1). From equation (2.10) the angular distribution is 
(2.14) (6) = 1+6P2(cos 0)G2(5/2 5/2) 


(2.15) Gy(5/2 5/2) = 2 [fel*tV/T [fafa pat 2OV3 yp 


The sign of the anisotropy depends on the sign of 6 (generally positive) and, 
if fo > fe > fa, especially on the sign of the fof2 term. The expressions (2.14) 
and (2.15) agree with that of Brussaard and Tolhoek (1958) if their f, is 
approximated for “thigh temperatures’. The magnitudes and phases of the 
fis give information about the nuclear surface as discussed below. This 
expression, equation (2.15), will be referred to again in Section 5. 

For an oriented prolate nucleus the body axis as well as the spin is mostly 
parallel to the z axis. Hill and Wheeler (1953) have pointed out that for a 
prolate spheroid the Coulomb barrier will be ‘thinner’ at the ends than at 
the middle. One would then expect a greatly enhanced emission at the poles 
of a prolate spheroid and hence parallel to the z direction contrary to the pre- 
diction of (a) above (and contrary to experiment as it happens). 

For pure radiation no effect of asphericity can be incorporated into the 
theory. It is governed entirely by angular momentum conservation. Brussaard 
and Tolhoek (1958) have pointed out that it is mainly through the sign of 
fofz term that information can be obtained about the distribution of ‘the 
nascent @ particle on the nuclear surface. 

Briefly the argument is as follows. The wave function ya describing the 
nascent @ particle on the nuclear surface can be written as a series of Legendre 
polynomials in the body-fixed co-ordinate system, 


27 
(2.16) va = >» b,P; (cos 6’), 
l=0 


where 6’ = polar angle in the body-fixed system. (Equation (2.16) refers to a 
particles leading to the lowest member of a favored band. The original formu- 
lation is more general than this.) Considering the first two terms alone the 
distribution of We is 

(2.17) lWal? = |bo|?-+2|bob2| cos do2P2 (cos 6’) +|b2|?(P2 (cos 6’))? 


where ¢o2 = the relative phase of b) and 52. According to Brussaard and Tolhoek 
(1958) ¢o2 is either 0 or 7. Furthermore the relative phase of bo and 82 is the 
same as the relative phase of fo and f2, the probability amplitudes at great 
distance. In other words if foft = +|fof2| then ¢o2 = 0. Equation (2.17) then 
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shows that |¥.|? has a maximum at the poles of the prolate spheroid. If on 
the other hand (as seems experimentally to be the case) fof? = —|fofe|, and 
dor = 7, then |y.|? has a maximum around the waist of the spheroid. This 
choice of phase is favored by Pennington and Preston (1958) for even—-even 
nuclei. (Note that because of a difference in definition of f,; these statements 
will appear reversed to those appearing in Brussaard and Tolhoek (1958).) 
For nuclear reactions Biedenharn and Rose (1953) give a very general proof, 
based on the reciprocity theorem, that the reduced matrix elements which 
here correspond to the f;’s must be real. Hence the relative phase of inter- 
fering partial waves must be exactly 0 or 7. Whether this applies to a decay, 
however, is not clear. 


SECTION 3. PENETRATION OF A SPHEROIDAL BARRIER 

It is not the intention here to go into detail on the theory of @ emission 
from a distorted nucleus (see Pennington and Preston 1958). We do wish to 
show that in penetrating the barrier the effect of asphericity on the f,’s is 
small compared to that of the centrifugal term. For interest we will in Section 
5 use the effect of the centrifugal barrier alone to estimate f,’s. 

Recall that for a spherical nucleus the orbital angular momentum is a 
constant of motion so that we can represent an outgoing @ particle of any / as 


(3.1) vat = “0 yriog), 
6y refer to space-fixed axes and for large r 


ip 1 
tin (r) = gine PR. 


The WKB approximation connects the outside amplitude g,;, with the 
‘inside’ amplitude 


eu, = uin (Ro) 


4/2) 4! ett4 aon 


at the point r = Ro 


(3.2) Zin = 
where 
. 2 L(l+1)h? 
(3.3) alisha 2m ( vi) 4404 _ 2) 


V(r) = 2Ze?/r, Z= atomic number of daughter, E = particle energy, 
E = h?k?/2m, and 


, 


A, = f K,(r) dr. 


Ro 
r’ is the outside turning point where 


2Ze C+) 
? 2mr’” 


E=0. 













298 CANADIAN JOURNAL OF PHYSICS. VOL. 38, 1960 


However, r’ is given very nearly by r’ = 2Ze?/E. The inside boundary is 
defined as the distance Ry at which the potential departs substantially from 
the Coulomb form. Here no discontinuity is assumed at the nuclear surface 
(see for example Blatt and Weisskopf 1952). In such a case an inside wave 
with a definite propagation vector is implied and a transmission coefficient 
is defined. In equation (3.2) no assumption is made about the behavior inside 
r = Ry. Our interest is in the amplitude at that point. 
The relative amplitude is given by 


(in) 
Zin —(At—Ao) 841 


3.4 =e in) * 

wn rm oi 

The small dependence on / which arises through [k;(Ro)/«o(Ro)]} is neglected. 
It is shown in Appendix II that, using the fact that the centrifugal term 

(«/(J+1)) is small compared to the Coulomb term, equation (3.4) becomes 

(cf. Nosov 1957) 


(in) 
Zi _ ae y/2 SA 
e (i 


3.5 
( 7 Zon Zor 


where 


toe ee eae 
ae / \ V(Ro) (1- a} 


W = h?/2mR?. 
Consider now a non-spherical nucleus. The nuclear ‘surface’ is now given 
by 
R(@’) = Rol[l+aPe (cos 4’)]. 


In what follows the body-fixed co-ordinate (z’) system is assumed, @’ is 
the polar angle in the z’ system. The Hamiltonian now contains the terms 


2 
(3.6) AV(r,6’) = “9 P2 (cos 6’) . 


qg = 6aZR?/5 is the intrinsic quadrupole moment and 


Drot ore W173 /23 
where ¥ = moment of inertia. The term AV connects states for which /’ =/+2,/ 
so that equation (3.1) is no longer a solution. Instead linear combinations must 
be formed 


ve= > HO vier) 


referring to a transition leading to one member of a favored band. In favored 
transitions K the component of nuclear spin on the 2’ axis does not change 
and K = IJ, the initial spin, for a parent in the ground state. In the 2’ system 
therefore m = 0 only. 
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For an aspherical nucleus the f;’s are modified by redistribution of the flux 
amongst the various partial waves induced by AV as well as by attenuation 
within the barrier. The exact solution of the wave equation for “,;;, (7) involves 
coupled equations soluble only numerically (Rasmussen and Segall 1956). 
However, it can be shown (Sharma 1959; Fréman 1957) that if a is not too 
large the effect of AV is well represented by the angular dependence induced 
in gzy, ON penetrating a spheroidal barrier as follows, taking 


"al 4 
(3.8) dia fl (ve ENE +AV (16) — -r)| dr 


and regarding the terms in /(/+1) and AV small, equation (3.5) becomes 
(Appendix IT) 


Zur, (a) % aP» (cos 6’) gir, 
(3.9) gor, (0) = exp| —10+1) 2( 1 -aPatcont) | gi S 

The value of E/V (Ro) is of the order of 1/5 for a emitters (see Section 5) 
hence for a < 0.10 the effect of AV is small compared to the effect of the 
centrifugal barrier. In Section 5 we will estimate g,/go omitting the term 
proportional to a. 

It should be noted that the u,;,(r), which is an exact solution of the wave 
equation, cannot have an angular dependence. The angular dependence in 
equation (3.9) represents the degree to which flux in a partial wave / is diverted 
into partial waves with /’ = ]42 while penetrating the barrier. 

The above point of view is in contrast to that of Hill and Wheeler (1953), 
who predicted that distortion would produce a 16-fold increase in a emissions 
at the poles of a prolate nucleus (the thinnest part of the barrier). This was 
based on the comparison 


aii Bate Vis) | of E a) 
(3.10) 18) — explaPsicos) #4/ Ww L'~ VR) IL) 20) 


(see Appendix II). This is in fact large but it implies the somewhat unrealistic 
assumption that before penetrating the spheroidal barrier the a particle starts 
as a spherically symmetrical (/ = 0) wave ‘inside’ the nucleus. 





SECTION 4. FISSION OF ALIGNED NUCLEI 


The angular distribution of fission fragments with respect to the direction 
of the incident fast neutrons has been studied by Wilets and Chase (1956) 
and the analysis which follows is similar. We are to calculate the angular 
distribution, with respect to the axis of alignment, of fragments from slow 
neutron induced fission. 

The assumptions that are made are as follows. An aligned target nucleus 
with spin J and z component M captures an S wave neutron and forms a 
fissioning nucleus with spin J; = J+} and z component M, = M+}. The 
fissioning (and target) nucleus have a prolate shape and the wave function 
of the fissioning nucleus is 
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2I2+1 
(4.1) > * = ya ty | xs )D4, nit Xn (8) Diane 


where DJ, (ay) = symmetric top wave function with J, = M and I, = K 
(see Bohr 1952); a6y = Euler angles of the axis of symmetry; Xx,(X) = wave 
function of the particle structure. K» is the projection of J, on the body axis 
of the compound nucleus. If angular momentum in the body-fixed system is 
conserved K, = K+} only. K is the projection of J on the body axis of the 
target nucleus, K = J. 

The assumption that only one value of J2 is involved has some justification 
although rather weak (Bohr 1956). It is this. At the saddle point most of 
the energy is bound up in energy of deformation. The nucleus passes the 
saddle point ‘cold’. Thus the spectrum of fissioning states at the saddle point 
may be relatively simple and resemble that of the low-excited states of a 
strongly deformed nucleus. For simplicity it is assumed that only one value 
of Iz is involved. The formalism may be readily generalized to include both 
allowed values. On the same basis the assumption that only one value of K2 
is involved is somewhat safer. For low excitation, states with differing Ke 
will be much more widely separated than those of differing Js. 

The angular distribution of the body axis with respect’,to the z axis for 
the substate equation (4.1) is 


(4.2) TEL (8) = J yi? ¥21? ay da dy 


= Fist! (|Diis Kil” +|Dii.-x:|" ) 


since 


* 
J dXXx,’(X) Xx, (Xx) = OK2K2'- 


The fission fragments are assumed to recede along the body axis of the 
prolate spheroid, thus equation (4.2) is the angular distribution of the fission 
fragments. It is shown in Appendix III (a) that this can be reduced to 


(4.3) re = | 4ent ae F,(I2)11,(M2)I1,(Ke)P, (cos 0] 


=2,4, 


where 


(2v+1) (v!) “(272- *(2I2—v)! 


ene (212+v+1)! 


and II, was defined in Section 2. 
In Appendix III(d) it is shown that the relative population of the sub- 
states of the fissioning nucleus can be written 


(4.4) WE =} : Cae ae. wi” .. 


* MMos} 
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W\? was introduced in Section 2. The angular distribution of fission frag- 
ments is therefore 





(4.5) 16) = » Wie Ti, (8). 


As discussed in Section 2 the high temperature region is of greatest interest. 
Then, as before (equation (2.6)) 


WS? = (2I+1)~[1+6 1.(M)]. 













Since 


(4.6) » |Ciz, te de—aey|?W2(M) = So(T2}1)T2(Me) 






where 


! 
Sx Le}D) = (212+1) 4/ Gh Bir ai ee o = L-2Orey) W(I}2I2:I21) 


in particular 
(4.7) S, = (22—1)/(2I+1) for Iz = I+ 
Se = (22+3)/(22+1) for I; = I[—} 





ie 













it follows that the population of the substates of the fissioning nucleus is 








(4.8) Wir = a [1+552(J2}J)12(M2)]. 


The angular distribution of fission fragments, equation (4.5), in the high 
temperature approximation becomes 












(4.9) (9) = LE [1+5Se(Ta})Ma(K2) Ps (008 6)] 


since F2(I2)>- wy, (Ie(Me))? = 
see Appendix III (c).) 





1. (For an explanation of the odd normalization 
















4.1 Illustrative Examples 


To demonstrate the explicitness of the above formulation we apply them 
233 





to a nucleus with spin 5/2, U 

In the first instance let us assume the target nucleus is fully aligned (tem- 
perature saturation). This situation is nearly unattainable experimentally but 
it is instructive as will be seen. Here W{? = 6,7, i.e. the nuclear spin is parallel 
to the z axis. (This only occurs when the spin Hamiltonian is exactly diagonal 
in the M representation, e.g. in equation (2.9) B must vanish. The high tem- 
perature approximation is independent of this requirement.) We consider 
three alternatives: (2) Jz = J+4, Ke = K+3; (0) Ip = 1+}, Ke = K—} 
and (c) Iz = I-34, K. = K—}. For U*** J = 5/2+ therefore (c) corresponds 
to I, = 2+ (S wave neutron) and Kz = 2. The lowest excitation of an even— 
even nucleus would have J; = 2+, K2 = 0. However (see Bohr 1956), after 
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an energy gap of about 1-Mev particle excitations are possible for which K2 
can have any value and J, = Ke, Ke+1, Ke+2,... with even parity. For 
(a) and (6) from equation (4.4) (dropping the factor }) 


Win = \crtf74|? bate, nat |Cr$7 |’ Sar., 1-4 
= 5y.até Saree, for Iz = 3+4 =8 
Then from equation (4.5) the angular distribution is 
I**(0) = (|Di xo|"+|D3 —xe|*) +6 (|D2 xal”+|D2 x2"). 
Explicit forms for the Dire can be obtained from Sharp (1957) whence 
(a) for Kz = 3 I(6) = 1+10 cos? +5 cos! 9, 
(b) for K; = 2 I(6) = 13+30 cos? 6—35 cos! 6. 


These are illustrated in Fig. 2. In (a) there is a strong maximum in the direction 
of alignment, in (6) a shallow maximum around @ = 45°. In (8) it should be 


0 


0 e-—— WA O TA 0 W% 


Fic. 2. Spin vectors and symmetry axis omen (schematic) and corresponding 
meer distributions of fission fragments: (a) Iz = I+} = 3, K: = 3; (6) In = 3, Ke = 2; 
(c) Iz = I-} = 2, K, = 2. In (0) Z” is the final position of the body axis. 


noted that while the spin increases its component on the body axis diminishes. 
This can only be accomplished by a displacement of the 2’ axis as in Fig. 2(0). 
The relative occurrence of these modes will be governed by nuclear selection 
rules and the availability - such states at the saddle point. 

For case (c) Jz = I-}, Ke = K—} only, and WY = 6.,,,; then for 
I= K = §/2 
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(c) I(@) = 1+6 cos? 6+ cos‘ 6, 


which gives a less pronounced peak in the direction of alignment. 
The high temperature expressions follow directly from equations (4.9) and 
(4.7), that is, 


(4.10) I(0) = 1+6S2(123I) Il2(Ke)P2 (cos 4). 
(We have dropped the statistical factor.) 

(a) S2(3}5/2)1I2(3) = 10 

(6) S2(3}5/2)1I.(2) = 0 

(c) S2(235/2)11.(2) = 8 


Both (a) and (c) are peaked in the z direction, (4) is (accidentally) isotropic. 
Figure 2 gives physical reasons for these. 













4.2 Comparison of Fission and a Decay 
For a nucleus which undergoes both a decay and fission in the same crystal 
(e.g. U?5*) we can compare the anisotropies at high temperatures for the two 
processes. 
In Section 2, equation (2.13), the anisotropy €a for decay was defined, 
(4.11) €a = (I(0)/I(x/2))—1 = (3/2)6G- (total). 
For fission fragments the same parameter can be defined 
(4.12) a= (3/2)5S2(To 3 I) 1I2(Ke) 
to the first order in 6. The ratio of these quantities 


(4.13) R = &/€a = So(T2} I) M2(K2)/Gz (total) 






















is independent of the alignment parameter 6 which is valuable since this may 
be poorly known. The three alternatives discussed above are possible for the 
numerator of this fraction. In the experiment to be discussed in Section 5 R 







was approximately R = —1. 






SECTION 5. AN APPLICATION 

The foregoing will now be applied to two cases for which experimental 
work has been done (Roberts et al. 19576, 1958). These are U*** (a@ decay 
and fission) and Np?*7 (@ decay). U?** has already been used as an illustrative 
example. We can now complete the calculation. 


U8 Decay 
The decay scheme was shown in Fig. 1. The experimental angular distribu- 


tion was 










I(@) = 1—(0.063/T)P2(cos @). 





The theoretical distribution for the ground state branch (5/2+ — 5/2+) 
was given in equation (2.14), 
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I®?(0) = 1+6G2(5/2 5/2)P2(cos 8), 


where 


Gx(5/2 5/2) = 90 pat altace 22M ify 


To the first order in 1/T, 6 = —Q/kT (equation (2.9)). The coupling constant 
Q for U**® was obtained from specific heat measurements by Roberts et al. 
(1957a) in a salt similar to the cryogenic salt. It was found’ to be Q?%5 = —.005 
cm! (this Q is one-third the value quoted due to a conventional difference 
in definition). The ratio of the quadrupole moments of U?** and U?** has 
been measured by Dorain et al. (1957) and found to be q?#*/g?%* = 3.4/4.0. 
Thus we take Q?** = Q?% J(27—1)q?8*/J’(27’—1)q?*> where J = 7/2 and 
I' = 5/2 (cf. equation (2.8)). Hence Q?% = —0.0089 cm—! and 6 = —Q?4/RkT 
= 0.0129/T. 
For a trial comparison we will estimate the f,’s from equation (3.5) 


2 (in) 
a > ae inet oe gin 
lees | OY Hes Fa ol 


putting |g{/g(7| = 1 for all /. This implies that all accessible / states for 
the a particle at the nuclear surface are equally likely. Then for Z = 90, 
E = 4.82 Mev, Ro = (9.76)10—!* cm (i.e. Ro = (1.404 +1.2)10—' cm) we get 
W = h?/2mR? = 0.055 Mev and V(Ro) = 2Ze?/Ro = 26.6 Mev. The results 
are given in Table I. 

TABLE I 


l 2 4 
\gi/gol? 1 0.609 0.192 
fil? 0.555 0.338 0.107 


The largest term in G2(5/2 5/2) is the fofz term and the sign must be taken 
as negative to obtain the correct sign for the anisotropy (excess in the equa- 
torial plane). If the fof, term is taken as negative G2(5/2 5/2) = —7.51 and 
the predicted distribution is 

T°?) = 1—(0.096/7)P2(cos @). 
The value G2(5/2 5/2) = —7.51 is not far from the minimum possible value 
for this parameter obtainable by minimizing Gz with respect to fo, fe, and fs 
subject to Z,|f;/2 = 1. If the fof, term is taken positive G2(5/2 5/2) = —4.13 
and 

(6) = 1—(0.053/T)P2(cos @). 


The effect of the 15% branch to the 7/2+ state should be included. The 
theoretical angular distribution to this first-excited state J’/*(6) is given by 
equation (2.10) with 


Ga(5/2 7/2) =F fal EV lfafel AP fal HF V35 fel —F Lil’ 
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The fef, term must be taken as negative. The f;’s are evaluated from Table I 
as shown in Table II. 







TABLE II 







0 2 4 6 
1 0.609 0.192 0.031 
— 0.732 0.231 0.037 





l 
lgz/go|? 
fil? 









(The f,’s for the 5/2-+7/2 group are negligibly affected by the energy 
difference of 43 kev.) This yields for fyfs negative G(5/2 7/2) = —5.25 and 
hence 






['?(0) = 1—(0.675/T)P2(cos 8). 
The combined value G(total) = (.85)(—7.51)+(.15)(—5.25) = —7.19, hence 
Trot (0) = (.85) 75/28) + (.15) 170) = 1— (0.092/T)P2(cos 6). 

For the fafs term positive this result becomes 


Tota = 1— (0.090/T)P2(cos 6). 












It has been suggested that partial waves with / = 0 and 2 (Sand D waves) 
contribute almost exclusively to such transitions. In such a case 


G2(5/2 5/2) = (20/7)|fol2—4 W/14|fofsl. 


This can be minimized with respect to |f2| with |fo| = ‘V 1—|fe|?. The minimum 
value of G2 is —6.22 with |f2|* = 0.406. For this value of G, 


I°’2(6) = 1— (0.080/7) P2(cos 6). 









For the 15% branch / = 2 only and 


I'?(6) = 1+6(34/7)P2(cos @) = 1+ (0.062/T)P2(cos @). 






Thus for S and D waves alone G(total) = —4.56 and 
Tora(9) = 1— (0.059/T)P2(cos 6). 







This is the maximum possible value of the anisotropic term for S and D waves 
alone* (omitting the effect of the 1.6% branch to the 9/2 state) and is inde- 
pendent of any picture of barrier penetration or surface distribution. While 
it is markedly less than the experimentally observed value it depends on a 
value of Q determined by specific heat measurements. However, this result 
suggests that / = 4 waves do contribute to the decay. 









*The above value disagrees with that obtained by Roberts et al. (1958) due to an error in 
their expression. Equation 16 of P/725, Proceedings of the Second Geneva Conference, Vol. 15, 
p. 322, should read 





; 8 5 P 
wo) =1-[ 0.705 (;F5,) +4.145 (5) +0.226 | 5 Pr(cos 0). 
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U8 Fission 

The predicted angular distribution of fission fragments was given by 
equations (4.10) and (4.7). Using the value of 6 used for the a decay, 6 = 
(0.0129/T), we obtain 


(c=) I;=3, K,;=3 I(6) = 1+(0.128/T)P2(cos 6), 

(c) I;=2, Kz=2 I(6) = 1+-(0.103/7)P2(cos 8). 
The experimental results are compatible with J(6) = 1+ (0.06/T)P2. 

Let us compare the fission and a decay results. The ratio of the anisotropies 
was given in equation (4.13) 
R = S2(T2} DZ) M2(K2)/Ge (total). 

Experimentally 9 ~ —1. We have two choices, (a) and (c), for the fission 
process ((d) yields zero) in the numerator. In the denominator we can use 
the value G2(total) = —7.19 with all interference terms negative, used above 


for the a process and based on centrifugal barrier penetration alone. For 
this choice 


(a) R= —1.40, 
(c) R= —-1.11. 


These ratios depend on the f;’s chosen for the a process. However |G2| cannot 


exceed about 9.0. This suggests that if Ke is limited to K+} the fission pro- 
ceeds predominantly through the I; = 2, Kz =2 state of the fissioning 
nucleus. A mixture of Jz = 3, Ke = 3 and J, = 3, Ky = 2 would be com- 
patible with a lesser value of ® although one would not expect two such 
states to be that close in energy. If Ke is not limited then a mixture of J, = 3, 
Ke. = 3 and J, = 2, Ke = 0 would serve. 

If it is assumed that only / = 0, 2 waves contribute to the a process. We 
can compute # using the minimum value of G2(total) = —4.56. It is 


(a2) R = —10/(4.56) = —2.20 


(c) R = —8/(4.56) = —1.75 


which are rather too large. Recall that this ratio is independent of the measured 
value of Q and therefore it is again suggested that / = 4 waves contribute 
substantially to the a transition. 


Np*? a Decay 

The decay scheme of Np?*’ is shown in Fig. 3 (Strominger et al. 1958). This 
fits very well the type of transition discussed by Bohr, Fréman, and Mottelson 
(1955) in which the favored transition does not lead to the ground state. We 
therefore tentatively identify the 106-kev level as 7/2+. Our interest is in 
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6x7 /? 
29% /2:24,6 


54% 2£:02,4 
3.5% 
3% 






0.23 







(7/ 2+?) 
(5/2+) 











(3/2-) ° 
Pa 233 


Fic. 3. Alpha decay scheme of Np? (Strominger et al. 1958). 









the principal branches, 5/2 — 5/2, 54% and 5/2 — 7/2, 29%. Experimentally 
the angular distribution of particles is reported as 


I(@) = 1— (0.068) P2(cos @) 


at T = 1.16° K (Roberts et al. 1956). Here the degree of nuclear alignment 
is known in more detail. For this nucleus in the salt used 






_@Q , A*-B’ , 109° 

RT eT TET 
(equation (2.9)). The parameters A, B, and Q were measured by Bleaney 
et al. (1954) and yield 

5 = (.0144/T)+(.0026/77) or 6 = 0.0143 at T = 1.16° K. 

The parameters G2(5/2 5/2) and G2(5/2 7/2) have here the same form as 
for U?*3, Furthermore the |f;|’s for Z = 91, Ro = 9.8X10-'* cm, and E = 4.78 
Mev differ negligibly from those for U?**. Hence the G2’s have the following 
values: 





6= 














—7.51, 






with the fof, term negative Gs 


(a) 
(6) with the fof, term positive G2, = —4.13. 











(The fof2 term must be negative to obtain the correct sign of the anisotropy.) 
Using 6 = 0.0143 as above the 54% branch to the 5/2 state has the following 
distributions: 













1*2(6) 
[5/2 (0) 


1— (0.107) P2(cos @) 
1— (0.059) P2(cos @) 






(a) 
(d) 
at T = 1.16° K. 
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The 29% branch to the 7/2 state must be included. The sign of the fof, 
term is determined by the choice already made for the 54% branch. With 
choice (0) the effect of the 29% branch is to reduce the anisotropy almost 
to zero. With choice (a) two alternatives remain for the sign of the f4f, term. 
That is 


with f4f, negative I’?(6) = 1—0.075P2(cos 6) 


and 
Teotar = (0.65)I*/2 (6) + (0.35) 17/2 (8) 
1—0.096P2(cos 6). 


(the 54% and 29% branches are 65% and 35% of the total intensity in these 
two transitions), and with f4f. positive I’2(6) = 1—0.057P2(cos @) 
and 


Tota (8) = 1—0.090P2(cos 8). 


The anisotropy predicted here is substantially greater than that observed 
experimentally. It must be recalled, however, that for Np**’ several minor 
branches in the decay have been neglected and the identification of the 
106-kev level in Pa*** as 7/2+ is subject to experimental confirmation. For 
both U?*# and Np*7 the assumption that |g” /g™|? = 1 for all / is probably 
unrealistic. However, it is plain that minor adjustments of |g“”/g‘™| would 
bring the predicted anisotropy into agreement with that observed. 

The angular distribution for the case of Sand D waves alone with maximum 
anisotropy is 

I*/2(6) = 1— (0.089) P2(cos @) 


I?2(6) = 1+ (0.069) P2(cos 6) 


Tota (0) = (0.65) 15/28) + (0.35) 17/2 (8) 
1— (0.047) P2(cos @) 


for 7 = 1.16° K. Again the maximum predicted anisotropy for S and D waves 
alone is less than that observed experimentally. 
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NOTE ADDED IN PROOF 


Recently Pryce (Phys. Rev. Letters, 3, 375, 1959) reports that the sign of 
the coupling constants for Np”? (and hence also for U***) were incorrectly 
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chosen. The nuclear spins therefore lie across the alignment axis. To account 
for the observed angular distribution of @ particles the sign of the fo fz term must 
be positive. To account for an axial predominance of fission fragments K» 
must be chosen as zero or one. The fissioning state could then be pre- 
dominantly J, = 2, Kz = 0. Such a choice implies that the nuclear symmetry 
axis reorients itself radically between capture of the neutron and the final 
separation of the fragments. 
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APPENDIX I 


The wave function for daughter nucleus plus outgoing a particle, equation 
(2.1), for r— © is 






Uy,\" —m m 
vi, 00) = MM SY Che then KAR) YT). 
The angular distribution equation (2.2) is 


Iy(0) = Slur" ax 
» fadvis pa ra Stam On ae (Yr )*¥? 
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where we have utilized the orthonormality of the daughter states in the form 
J (XA (&))* XA(x) dx = Saari 


and have multiplied by kr?/2|g11,|?: 
The following results are all obtainable by the methods of Racah (1943) 


(see also Biedenharn 1952): 


mom 1 /2it+1\ YH WEE CURL 
(VY?) vy = io ane eae (2k+1) om Cooo P;,(cos 0) 


DS Cit tm m Che ‘tem in Cnom = (2141) (2041) WU TsRIT) Chbat. 
Hence using the properties 


Coos = bv, WLTOTT) = [(21+1)(2I4+1)]* and =» ff? =1, 
tl 
Iu(0) = 1+ >> (Qh4+1) Cee bevV/2I4+1 DY fit M241 Chik WW heI: I) 
k i 


(the factor 1/4m has been dropped). The coefficient C/*7 can be written 


eos bei ie oe 
Chk! = kla/2I+1 (2th) I, (MZ) 


) (—)"(U-+E MT M)e! 
0,(M1) = © Tae EM) TM EO 


whence equation (2.3) follows. 
APPENDIX II 


We are to integrate 


A,(a) = - [2a (Vinton) +avier)- By ar 


V(r) =2Ze/r, = C(r) = U(1+1)h?/2mr’, 
2 
AV(r6") = 3 V(r) (2s) aPrlcce ti. 


Expanding in powers of (V—£)—'! and noting that V(r)/E = r’/r 


vo VBS /EaiL (S48) (C) "4. J 


Now with 
Ci WE 1 


EO MD GR) s? 


AV at E ee 
E V(Ro)/ x * 
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= V(Ro) 1 
~ ./WE WEr'’ 


zs=r/r’, and = h’/2mRi. 
A (a) becomes 
A ,(a) = Ih+1Ie+Ts 


where 


n= aed, cs “vie [cos V/t-vV/t(1—2)] 


eee dx _ +1) VEW, ,/1=1 
2 2 A co 2 V(Ro) t 


‘x dx 
Ts = 19 - as sgl V5 
- tov to" 2 4/ wy 


and 
t = R(@)/r’ = Ro(1+aP2(cos 6’))/r’ 
Ro/r' = E/V(R>). 


Expanding ¢ in powers of a we obtain 


_ V(Ro) (Re) § _1/ & | ye 
ain Seid cos Wa V(Ro) V(Ro) Lo V(Ra) IS 
E ___2P2(cos 6") _ 
asia -|1 ye |i eee 


_ daPs / Yea] E Ih-n2s] 
5 W V(Ro) 2V(Ro) I 


Whence equations (3.5), (3.9), and (3.10) follow. 


APPENDIX III 


(a) From equation (4.2) we have 


(2I2+1) (, 
oe Se 


Tx (0) = ux| +|Diu—x|°). 


The properties of DJ, (see, for example, Sharp 1957) are such that 


a vi mele 
. 0 Cx 0x P,(cos 8) Ene 


Since 


Cette = ()' Chik 
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I*, (6) becomes 


(A.1) Ii,(6) = [14+ @7+1) » F,(D)M, (MILK). (00s 6) 


as given in equation (4.3). , 
(b) To show that the relative populations Ww? of a substate of the fissioning 
nucleus is 


Wms = th \Ciz, ie} M2— ul Wir 
as in equation (4.4) we start from the fundamental relation that the mean 
value (0) of any quantum observable 0 is given by 
(0) = Tr(Op)/Trp. 


Trp is the trace (sum of the diagonal elements) of the density matrix p and 
p is defined such that 7rp = 1. Tr(Op) is independent of representation hence 
we use the representation in which J2z is diagonal with eigenvalues M2. Then 


Tr(Op) = » (M2|0p|M2) ” (M2|0|M3) (M34|o|M2). 


Now a state |/.M2),; of the fissioning nucleus can be written as a super- 
position of the accessible target states |J M), and neutron states |}m), 


|I2M2), = 2d, Cis M2— me M2—m),|3M)n. 
m=+ 
Hence 


(M3|p eens = 2 Cu lee! 1 c2. Sees mm 4 (Mi- m', m' |p|M2—m, m). 


mm’ 
The density operator p can be written 
p = p(target)p(neutron) 
and 
(M3—m'm'|p|M2—mm) = (M2—m’|p(target) |M2—m)(m’|p(neutron) |m). 
For unpolarized neutrons 
(m'|p(neutron)|m) = 46m’. 


For nuclear alignment with cylindrical symmetry p(nucleus) is diagonal in 
the representation with J, for the target nucleus diagonal (the M repre- 
sentation). Hence 


7(2) 
(M3|p|Me) = 6x1.03 Wire 
where W{?? is the relative population of a magnetic substate of the fissioning 
nucleus 
2 0 
(A.2) Winn = 2 Zz j|Cat a1 M2—- a| We 
* ueitesh 


and 
WwW! = ( 
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Finally 
(A.3) Tr(Op) = 2) Wrz (M2|0|M2) 
M2 


and we identify (M,|0|M:2) as 
(M|0|M:) = ff |vit?**[* dxdady 


Tx, (6) 
and I(@) = 7r(Op) so that equation (4.5) follows. 


(c) We now show that in general certain two physically obvious limiting 
conditions are met. 


(i) The total flux is independent of the temperature. The total flux is by 
equation (A.3) 


J I(6) sin 6d@ = 2d Wir, jf Iy(0) sin @d@ = » We 
since fP,(cos 6) sin 6d = 0 for »y > 0 
and JSisin 0.d0 = 2. 


Now by equation (A.2) 


W® = (0) = (22241) 


M2 


We now observe that only one value of J, of the two available J, = I+} is 
considered, it being assumed that the other is excluded by nuclear selection 
rules. Hence the statistical factor (27,+1)/2(27+1). If, however, we sum 
over both values 


(2) 1 
A. We ««—————- +1) = 
a 2, ” 2(21+1) eye ) 


The statistical factor is retained in equation (4.9). 
Equation (A.4) is the equivalent of the statement 


Tr(p) = Ze. Wi = 


(it) For vanishing orientation (high temperatures) the angular distribution 
must be isotropic. For high temperature W‘) = 1/(27+1), the statistical 
value. Hence by (A.1) 


WS = 1/2 (2I+1) since x (eel 
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Then by (A.1) and (A.3) 
(A.5) T(6) = [4(22+1)}°X1 = (212+1)/4(2I+1) 


since LyII,(M) = 0 for »v > 0. For high temperatures J(@) given by equation 
(A.5) is independent of 6. The same results follow from equations (4.8) and 
(4.9), the high temperature approximations with 6 = 0. 





NOTES 


USE OF RACAH ALGEBRA IN EVALUATING COMMUTATORS 
M. J. ENGLEFIELD 


Suppose r and p are the position and momentum vectors of a particle. The 
circular components of these vectors are obtained from the Cartesian com- 
ponents by the transformation 


(1) r= —in/h(retiry),  fo= ity 1a = in/}(r2—ir,). 
The commutators of the 7 and p, (A, » = 0, +1) may be combined with 
certain Clebsch—Gordan coefficients to give the relations 


DX wl d=pll 1 LA): (tePra—Pratu) = thV/3 82,0 


(L =0,1,2;\ = —L, -L+1,...,Z). 
Now * (1u1A—p/1 1 LA)r, ees is the Ath component of the tensor product 


& 
of rank Z of r and p. Denoting this by r&p, the above equations are - 
r 


(2) rSp—(-1)".p Sr = iiv/3 x0. 
r r 


This is equivalent to the nine commutation relations between the components. 
The cases L = 0, 1 are respectively equivalent to r.p—p.r = 3th and rXp 
+pxXr = 0. 

In general, a tensor of rank r is a quantity with 2r-+1 components which 
transform under rotations according to the (2r+1)-dimensional irreducible 
representation of the rotation group. If S“ is of rank s, and 7‘ of rank #, then 


SET? = ¥ (swtrA—ulstL ») SOT, (A= -L, -—L4+1,...,L) 
r 2 


are the components of a tensor of rank L. This notation for the tensor product 
is due to Hope (1956). 

Consider now the problem of obtaining the commutation relations between 
the components of the tensor of inertia of a system of N equal particles, and 
the corresponding functions of their momenta. Suppose r(z) and p(z) are the 
position and momentum vectors of the ith particle. The circular components 
of the tensor of inertia are 


I? = ¥ r(i) or(i) and =IY = DO r(i) or(i); 
t i r 
the functions of the momenta are 


K™ = ¥ p(i) Sp(i) and K? = DY p(i) dpi). 


1 
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The 36 commutators between these operators are equivalent to the equations 
(3) 19 8K%—(-1)'K% 1% = 4ih(-1)"[@e+1) y+} 
x ‘i : et JP 42K b,,0.N. (Qe+1)! 
where 
JX? = p> r(i)5 p(i) and i u is a Wigner 6-7 symbol 
(Edmonds 1957). 


When x = y = 2, (3) implies 25 equations: L = 0, 1, 2, 3, 4 and A = —L, 
—L+1,...,L. The 6-7 symbol is zero when L = 3 or 4. The commutator of 
I® and K® may be obtained from (3) by putting x = y = 2, A = utr, 
multiplying by (2u27 | 2 2 Z u+7), and summing over L: 


(4) 19. KO—-K®.1@ = (—1)".2Nh*.6,,-,—4i8 >, (—1)*u—A 1 Al1 1 24) 
r 
X(1 —AL r+AlL 127) D0 ra(J)Prra(Z)- 
j 


Equation (3) may be obtained, however, without considering components. 
I® §& K™ can be related to (—1)¥.K™ & I in three steps, described quali- 
tatively by the symbolism: 


{r(i) Sr ()} 5 {p(j) BED} > X {r(i) & p(j)} 8 {r(@) & P(j)} 
os a (o(3) dr(i)} 8 (o(a) dr} — (OG) 8 OG} B (r@ Sr}. 


The second step may be accomplished by using (2). If r and p commuted, the 
other steps could be made by using the x function (Hope 1952). The equation 
defining this transformation coefficient may be modified to give the following 
result: if 7, 7, T©, and T® are tensors of rank a, b, c, d, respectively, and 


T® & yen. (— yor To 5 T ce on 
then 


(5) joe & T™; & Tt as & ao 


xXxY 


abeE 
we of FLIT@ Sr) S19" Er 
YG 


+ >> (-1r"-*_ (224-1) (9F +1) (2X+1)2Y+)F 


xY 


ab EtJc a Fi a) @ ¢ A(¥) X 7a) 
et oe eee Ty: 


In the present application, C is given by (2). 





NOTES 
The same procedure gives the commutators involving 
J® = ¥ r(i) dpi). 
i 


The results are: 


(6) J? & yP (-1)7*# 7 J = —2in{(2x-+1) 2241)! } 1 LY a, 


(7) J? éx?.. (~3)°* K” & J? 


a (ay 2il(2y-+1) e414} : “) K®, 


(8) j@ & J? ~(-)"" J? & yJ™ 


= ihl(-1)"**—(- yews estiyt! Ah. po, 


In these equations, and in (3), x and y are assumed even. 
If the vectors r(j) and P(r) are taken relative to the center-of-mass of the 
system, (2) becomes 


. alge ee 1 
r(j) 5 p(k) — (—1)”.p(k) 6 r(j) = ihn/3-62,0 Gi) 9 
and in (3) and (4) N is replaced by N—1. The other results are unchanged. 


This work was done at the National Research Council, Ottawa, while I 
was a Postdoctorate Fellow in the Division of Pure Physics. 


Epmonps, A. R. 1957. Angular momentum in quantum mechanics (Princeton Univ. Press, 
Princeton, N.J.), p. 92. 

Hope, J. 1952. Ph.D. Thesis, University of London, England. 
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d-WAVE CONTRIBUTION TO ELECTRON-HYDROGEN ATOM SCATTERING 
R. P. McEACHRAN AND P. A. FRASER 


The s- and p-wave phase shifts and the corresponding scattering cross 
sections for the elastic scattering of low-energy electrons by hydrogen atoms 
have been calculated theoretically by means of various approximate methods 
over the past 25 years. Most of the recent work in this field has been done 
using variational techniques (for example, Massey and Moiseiwitch 1951; 
Bransden et al. 1958; and Malik 1959). However, only in the last 2 years have 
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experimental measurements of the elastic scattering cross section been made 
over a wide range of energies of the incident electron. Such experiments were 
first carried out by Bederson et a!. (1958) and then later by Brackmann et al. 
(1958). In the latter case there is satisfactory agreement between the theoretical 
and experimental results but in the former case Bederson et al. have measured 
cross sections greatly in excess of any of the theoretically predicted values. 
To help resolve the discrepancy it has been suggested (Bederson et al. 1958) 
that the d-wave phase shifts and cross sections be calculated. 

Within the so-called exchange approximation (cf. Massey and Moiseiwitch 
1951) for the elastic scattering of low-energy electrons by hydrogen atoms, 
the radial wave function for each partial wave is the solution of an integro- 
differential equation. By means of a Green’s function this integrodifferential 
equation plus the appropriate scattering boundary conditions may be trans- 
formed into an equivalent integral equation (Morse and Feshbach 1953). 
A numerical method (Fraser 1958) was used to solve this integral equation on 
the Bendix G-15D digital computer. The s-, p-, and d-wave phase shifts and 
scattering cross sections were determined, within the exchange approximation, 
for the elastic scattering of electrons in the energy range 0 to 13.6 ev. The 
details of these calculations are given elsewhere (McEachran 1959). The results 
obtained for the s- and p-waves by this numerical method are in general 
accord with previous variational calculations for the exchange approximation 
and also with another numerical solution by Omidvar (1959); no results for 
the d-wave, obtained by a numerical method, have so far been published. 
However, Geltman (1959) has recently treated the problem by variational 
methods using a trial function that included excited states of the hydrogen 
atom, and has obtained results for the d-wave, as well as for the s- and 
p-waves. 

The d-wave phase shifts, nf and nz, for the space symmetric (singlet) and 
space antisymmetric (triplet) cases respectively are shown graphically in 


TABLE | 
Partial and total elastic scattering cross sections for the exchange approximation 
(in units of a?) 
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Fig. 1 as a function of the energy of the incident electron. These phase shifts 
are quite small at low energies in comparison with the corresponding values 
for the s- and p-waves. As a consequence of this the d-wave scattering cross 
sections, Q¥, were relatively very small as may be seen in Table I. It was thus 


wo 


Fic. 1. The d-wave phase shifts as a function of the energy, k*, of the incident electron in 
units of 13.6 ev. 


found that, within the exchange approximation and up to electron energies 
of 13.6 ev, the inclusion of the d-wave partial scattering cross section affects 
the total elastic scattering cross section by at most 1% and therefore does not 
account for the difference between the theory and the experimental measure- 
ments of Bederson et al. (1958). It is almost certain that higher-order partial 
waves may be neglected at these low energies. 
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A NOTE ON THE REACTION Zn“(Y,n)Zn® 


J. P. Roatsvic,* R. N. H. Hastam, AnD J. L. BERGSTEINSSON 


The activation curve for the reaction Zn™(y,n)Zn®™ has been determined 
from threshold to 23 Mev maximum photon energy. Zinc samples in the 
form of rectangular cylinders, 2.3X2.3X8.2 (cm) with sheet thickness 
0.5 mm, were irradiated in the center of the X-ray beam from the University 
of Saskatchewan 24-Mev betatron. The samples were placed with their 
cylindrical axes perpendicular to the beam, and with two of the sides parallel 
and two perpendicular to the beam direction. The irradiation times were 
about 3 minutes. The only competing reaction was Zn™(y,p)Cu®, with a half- 
life of 5.1 minutes; the activity due to this reaction was found to be negligible 
15 minutes after irradiation was stopped, and the samples were counted in the 
time interval from 20 to 40 minutes after irradiation. 

The absolute yield value at 22 Mev was found relative to the reaction 
Cu®(y,7)Cu® in the usual way (Roalsvig and Haslam 1959; Roalsvig, Haslam, 
and McKenzie 1959). The value obtained was 1.49X 10° n/mole 100 r. How- 
ever, this value has to be corrected due to K-capture, which has been found 
to amount to 7% in the case of Zn™ (Huber ef al. 1947). The corrected absolute 
yield will thus be 1.60X10* n/mole 100r at 22 Mev. The activation curve 
normalized to this value is given in Fig. 1. The cross section was calculated by 
using the method of Penfold and Leiss (1958) and is given in Fig. 2. The 
characteristic values are given in Table I. 

The reaction Zn(y,n)Zn® has formerly been investigated by several 
authors; a summary of their results is given in Table I. The present yield 
value at 22 Mev is much lower than those obtained by Price and Kerst (1950) 
for the natural element, Katz et al. (1951) for the reaction Zn™(y,n)Zn® alone, 
and Montalbetti e¢ a/. (1953) also for the total neutron yield from the natural 


*Present address: Physics Department, St. John’s University, Jamaica 32, N.Y., U.S.A. 
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Fic. 1. Activation curve for the reaction Zn“(y,n)Zn® (corrected for K-capture). 
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Fic. 2. Cross-section curve for the reaction Zn(y,2)Zn®. 
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element. However, since the other (y,”) reactions in zinc are not well known, 
only the second one of these is directly comparable to the present value. 
Strauch (1951) and Marshall (1951) have measured the yield of the reaction 
Zn*(y,2)Zn®™ relative to that of the reaction Cu®™(y,n)Cu® to be 0.83 at 
322 Mev and 1.05 at 50 Mev respectively, as compared with 0.71 at 22 Mev of 
the present work. 

Due to the lower yield value obtained in the present work, the calculated 
values for the maximum and the integrated cross section will also be much 
lower than those reported by Katz et al. (1951) and Katz and Cameron (1951). 
As seen from Table I, their values are higher than ours by a factor of 3. 
Recent results of Gavrilov and Lazareva (1956) are also higher than ours, by 
a factor of 2. Strauch (1951) measured the integrated cross section from 
threshold to 322 Mev relative to that of the reaction Cu"(y,7)Cu® to be 0.89. 
The integrated cross section for the giant dipole resonance for the latter 
reaction, as taken from Katz and Cameron (1951) and normalized to the new 
yield value at 22 Mev of Roalsvig, Haslam, and McKenzie (1959), is 0.63 
Mev-barn. If we assume the cross sections to be very small above the giant 
dipole resonance, the integrated cross section of Strauch (1951) for the reaction 
Zn*(y,2)Zn®™ will be 0.56 Mev-barn. The same relative value as obtained 
by Strauch (1951) was also reported by Sagane (1952), integrating up to 
67 Mev. Marshall (1951) reports a value 0.77 Mev-barn, integrating up to 
50 Mev. Thus, the previously reported values for the integrated cross section 
are between 0.56 and 0.99 Mev-barn. These values are all much higher than 
the present result 0.33 Mev-barn. 

Bunbury (1954) measured the ratio of the cross sections of Cu®(y,m)Cu® to 
Zn™(y,n)Zn®™ at 17.6 Mev to be 1.3. The present value for this ratio will be 1.9, 
indicating that Bunbury’s cross section for Zn™(y,2)Zn® is somewhat higher 
than the present one. 

As mentioned previously no comparison can be made with results obtained 
for the total neutron yield for the natural element. However, the yield and 
cross-section values reported in this work for the reaction Zn™(y,n)Zn®™ are 
lower than those of other investigators. For this reason the normalization 
against the reaction Cu®(y,2)Cu® was rechecked carefully several times with 
identical results. 

In comparing our results with those previously obtained in this laboratory 
several points might be mentioned. The Penfold—Leiss method of calculation 
of cross sections used in this work yields values of peak and integrated cross 
sections some 40% lower than the photon difference method previously used. 
Also the absolute yield at 22 Mev of the reaction Cu®(y,”)Cu® is now thought 
to be about 20% lower than that used in 1951. Perhaps of equal importance is 
that our methods of correcting for self-absorption in the zinc and copper 
samples have been greatly improved. 
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RELATIVE INTENSITIES OF K-LL AUGER LINES IN «,Gd'** 


G. T. Ewan AND JANET S. MERRITT 


The relative intensity measurements reported in this note were made 
primarily for the purpose of comparison with the measurements reported in 
an earlier paper on Sm! (Ewan, Graham, and Grodzins 1960). This com- 
parison was carried out because the relative intensities quoted for the K—LL 
Auger lines in Sm! were deduced on the assumption that there were no un- 
reported conversion lines in this energy region. The possibility of mistaking a 


weak conversion line for an Auger line is greatly reduced by the use of high 
resolution. Further, where more than one nuclide is studied, it is very im- 
probable that such weak conversion lines would occur at the same position 
in the Auger spectrum in each case. Since the theoretical relative intensities 
vary slowly with Z, the similarity in the measurements for ¢4Gd!** and those 
observed in ¢2Sm! makes it unlikely that either set of results is being seriously 
affected by unreported conversion lines. 

The K-LL Auger spectrum of Gd'* was observed in a study of the low-energy 
conversion line spectrum of Eu*. Sources of Eu'* were prepared by irradiating 
enriched Sm" (95%) in the NRX reactor for 1 month at a flux of 6X10" 
n/sq. cm sec. Eu" is formed by the successive reactions Sm™(n,7~)Sm"™® &> 
Eu!®(n,y)Eu®. High specific activity Eu'* was separated from the inactive 
Sm by an ion exchange column method (Smith and Hoffman 1956). 
Throughout the separation polythene ware was used to minimize picking 
up inactive contaminants from container walls which would lower the specific 
activity of the resulting source material. The separated europium chloride 
was sublimed from a boat-shaped tantalum filament through a slot 0.040 in. 
wide X0.5 in. long onto a backing of Al foil 800 ug/cm? thick. The sublimed 
source had an estimated thickness of ~ 20 ug/cm?. 

For these experiments the ++/2 spectrometer (Ewan et al. 1959a) was set 
at 0.1% resolution and the data recorded automatically as discussed in the 


*Issued as A.E.C.L. No. 941. 
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Sm‘ paper. The observed K—LL Auger spectrum is shown in Fig. 1. The high 
background is due to the presence of the 6-ray continuum from Eu™® and 
Eu, The slope over the small energy region is due principally to the low- 
energy tails of the very intense K — 88.97-kev line in Eu'* and the strong 
K — 86.56-kev line in Eu™, 
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Fic. 1. The K-LL Auger spectrum of Gd! observed in a study of the 6-decay of Eu’. 


The relative intensities of the lines were obtained by measuring the areas 
of the lines after subtraction of the contribution due to neighboring lines. The 
line counting rates were also plotted on a semilog scale after the 8-ray con- 
tinuum and background counting rates had been subtracted. The method of 
estimating the contributions of the tails from this type of plot is discussed 
more fully elsewhere (Ewan et al. 19590). In estimating these contributions 
the line shape of the K — 88.96-kev line was used as a standard line shape in 
this energy region. It was found that the relative intensity measurements 
were sensitive to the exact line shape used. The shape assumed for the low- 
energy tail was varied in order to see what range of tail shapes were consistent 
with the data. This possible source of error has been included with the statistical 
counting errors, in the errors quoted for the intensities listed in Table I. 
The measurements were also corrected for the calculated (3%) variation in 
the counter window transmission from 33 to 36 kev. 

The measured relative intensities are compared with the results for Sm! 
in Table I. The good agreement between the two sets of results makes it un- 
likely that either is being seriously affected by unreported conversion lines. 
The theoretical relative intensities predicted by Asaad and Burhop (1958) for 
Z = 64 are also listed in Table I. The lack of agreement with the theoretical 
predictions is similar to that observed for Sm’ and confirms the conclusions 
discussed in the Sm" paper (Ewan, Graham, and Grodzins 1960). 
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LETTERS TO THE EDITOR 


Under this heading brief reports of important discoveries in physics may be published. These 
reports should not exceed 600 words and, for any issue, should be submitted not later than six weeks 
previous to the first day of the month of issue. No proof will be sent to the authors. 


The Unusual Cosmic Ray Events of July 17-18, 1959* 


Unusual intensity changes in cosmic rays on July 17 and 18 have been noted by Carmichael 
and Steljes (1959) and by private communication with several other workers in this field. 
Differences in the intensity changes with different geographical positions and altitudes are 
apparent in the five Canadian stations where continuous intensity measurements have been 
undertaken and at Thule where there is close co-operation between the Canadian stations 
and that station operated by the Bartol Research Foundation. 

The differences are unusual in that rapid increases in intensity which show decided differences 
at different localities have occurred after Forbush events. These intensity increases do not 
resemble the sudden increases that have occurred five times in cosmic ray history associated 
with solar flares. On the other hand it is quite possible that one or more of them may later 
be shown to be a flow of particles of solar origin, some of which have sufficient energy to 
affect sea level measurements at appropriate latitudes and longitudes. 

The five Canadian stations and Thule form a net roughly triangular in shape covering 
geomagnetic latitudes from 57° to 88° and geographic west longitudes from 68.8° to 115.6°. It 
was decided to present the results in this note as soon as they were ready rather than wait 
for more detailed analyses of the many more stations that are exchanging data in the I.G.C. 
program. 

The six stations involved have the following co-ordinates: 








Geographic 
— Geomagnetic Altitude, 


Lat. Long. lat. meters 





Thule N. 76°33’ W. 68°50’ 88.0° 260 
Resolute N. 74°41’ W. 94°54’ 82.9° 17 
Churchill N. 58°45’ W. 94°05’ 69.7° 39 
Deep River N. 46°06’ W. 77°30’ 57.5° 145 
Sulphur Mountain N. 51°12’ W. 115°36’ 58.2° 2283 
Ottawa N. 45°24’ W. 75°54’ 56.8° 101 


ay 





The equipment from which data are presented here consists of a standard neutron monitor 
of Canadian design (Fenton, Fenton, and Rose 1958) at Thule, Resolute, Churchill, Sulphur 
Mountain, and Ottawa; a somewhat larger standard neutron monitor at Deep River; and a 
standard cubical telescope at Resolute, Churchill, Sulphur Mountain, and Ottawa. 

Figure 1 shows the intensity variation of the nucleon component at Sulphur Mountain and 
Resolute, the meson component at Sulphur Mountain and Churchill from July 11 to July 19 
inclusive. A large Forbush decrease occurred on July 11 followed by a very slow recovery. 
This has not been an unusual occurrence during the current solar epoch. Before recovery to 
the pre-event level, a second similar event occurred on July 15 starting about 1000 hours 
G.M.T. This was followed (about 0000 hours on July 17) by an unusually rapid increase 
which appears superficially to be something quite different from the usual !slow but irregular 
recovery from a rapid Forbush decrease. An examination of this increase marked A and B in 
Fig. 2 shows it had quite different characteristics at different stations. The increase at Sulphur 
Mountain was much greater in magnitude than at the other stations. When the shape of the 
intensity curve at the different stations is examined it is possible to describe the curve as 
two peaks in intensity one marked A at about 0600 hours and the second B at about 1600 
hours on July 17. The two merge together, in the case of the Sulphur Mountain station, the 
intensity dropping very quickly when it was still high at the other stations. B might be inter- 
preted as occurring earlier at this station making the over-all peak higher than elsewhere, 
or the high amplitude may be due to the high altitude of the station. The decrease after event 
B was no doubt a third Forbush decrease making the intensity at 0200 hours on July 18 the 
lowest that has occurred for some time, possibly the lowest during the present solar cycle. 


*Issued as N.R.C. No. 5516. 
Can. J. Phys. Vol. 38 (1960) 
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Fic. 1, Intensity level changes from July 11, 1959, to July 19, 1959, at Sulphur Mountain (neutron monitor 
and cubical telescope), Resolute (neutron monitor), and Churchill (cubical telescope). Hourly values are plotted. 
Time is G.M.T. The ordinate is counts per hour divided by the scaling factor (S.F.) which is shown for each 
curve. Data have been corrected for barometer changes. 


The increase marked C (Fig. 3) started just at the minimum of this Forbush event and the 
intensity rose very rapidly for a few minutes only. Specific attention was drawn to this event 
by Carmichael and Steljes (1959). It can only be seen in Fig. 3 which shows 10-minute values 
and its significance might be questioned except at the Deep River and Sulphur Mountain 
stations where the counting rate was high enough to make it certain. The amplitude of this 
rapid increase was about 6% at these two stations. At the other stations there is some indication 
that it may also have occurred but the statistics are not good enough to be certain. 

This particular event or increase ‘‘C”’ is the only unusual event in this group that resembles 
the sudden increases associated with solar flares. The increase is small compared with the 
last two (November 19, 1949, and February 23, 1956) and the decay time is rather short. 

The fourth unusual event is that marked D in Figs. 2 and 3. The differences in this event 
at the different stations are very striking but are confirmed by agreement of nearby stations 
in such a way that there is no question about their validity. Figures 2 and 3 show that this 
event occurs with an amplitude of about 10% at Churchill and Sulphur Mountain. At Ottawa 
and Deep River it occurs 1 to 2 hours earlier and with much lower amplitude. At Resolute 
and Thule it is completely absent within the accuracy of the data. 

The recovery after event D appears to be that normally occurring after a deep Forbush 
decrease. 

A study of data from other stations is desirable before presenting definite conclusions 
about the nature of these events but a number of suggested approaches can be made from 
these data. It is difficult to say whether the increases A and B represent an increase in in- 
coming particles or a collapse of the modulating system that decreases the intensity during 
a Forbush event. The A side of this increase may represent lower energy particles than the 
B side because it was more prominent at Sulphur Mountain while the meson component 
(Fig. 1) showed mainly at the time indicated by B at the four stations: Ottawa, Churchill, 
Resolute, and Sulphur Mountain. The event C resembles a solar flare increase but is only 
definite in the nucleon component where the counting rate is very high. There is no real 
a for it in the 10-minute meson counts at Ottawa, Sulphur Mountain, Churchill, or 

esolute. 
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FIG. 2. 


Event D suggests qualitatively a burst of particles having an asymptotic direction in or 
near the equatorial plane of the earth’s dipole. Further analysis involving other stations is 
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required to confirm this. 


Table I shows the level of intensities at the important points discussed above as a percentage 
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of the average during the first 9 hours of July 15. 


TABLE I 





Station xX Y 
Thule 107.8 85 
Resolute 108.4 87 
Churchill 108.6 87 
Sulphur Mountain 109.9 85 
Ottawa 107.7 86 
Deep River 108.6 87 
Resolute 103.5 93 
Churchill 103.8 94 
Sulphur Mountain 104.2 93 

94 


Ottawa 102.5 


A B c 
Nucleon component 
100 101 ? 

97 99 ? 

99 101 ? 
103 ? 87 

97 96 ? 

98 97 86 

Meson component 

98 98 a 

98 99 a 

97 97 a 

97 99 a 


% of first 9 hours of July 15 


Intensity levels changes from July 15 to 19, 1959, recorded with neutron monitors at Thule, Resolute, 
Churchill, Sulphur Mountain, Ottawa, and Deep River. The histogram represents hourly levels (G.M.T.) pre- 
sented as a percentage of the mean level during the first 9 hours of July 15. Data have been corrected for barometric 
changes. 


D 


94 
94 
93 





Note: The nucleon or the meson intensity level during the first 9 hours of July 15 is 
arbitrarily taken as the 100% level at each station. Column “X"’ represents the intensity 
during the first 14 hours of July 11, that is the intensity before this series of events. 
Column “Y"’ represents the minimum of the Forbush decrease on July 15 and column 
“Z" represents the lowest level between B and D or the lowest level after the Forbush 
event of July 17. A, B, C, and D are the levels of the peaks indicated by these letters 
on Figs. 1, 2, and 3. There is some uncertainty in selecting these intensity levels because 


of statistical fluctuations and some arbitrary smoothing has been used. 
Uncertain, because of inadequate statistics. 
a Strong evidence that this increase was not present. 
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Fic. 3. Intensity levels in 10-minute intervals from 2300 hours July 17 to 1500 hours G.M.T. July 18, 1959. 
The data are presented as a percentage of the average for the first 9 hours of July 15th. These data were taken 
from the original records without barometer correction but approximate barometer corrections have been made 
to bring the level of intensity to correspond with Fig. 2. 


The authors would like to thank H. Carmichael and J. F. Steljes for permission to use 
the data from the Deep River Station. 
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Frequency Measurement of Standard Frequency Transmissions!” 


Measurements are made at Ottawa, Canada, using N.R.C. caesium-beam frequency 
resonator as reference standard (with an assumed frequency of 9 192 631 770 c.p.s.). Frequency 
deviations from nominal are quoted in parts per 10". A negative sign indicates that the fre- 
quency is below nominal. 





GBR, 16 ke/s 


Date, _—_—_ 
November MSF, 7-hour 24-hour KK2XEI, 
1959 60 kc/s average* average 60 kc/s 
1 — 167 — 164 — 162 N.M. 
2 N.M. —152 N.M. —69 
3 N.M. —159 N.M. —69 
4 — 166 —160 —159 -73 
5 -171 —159 —159 —70 
6 N.M. —154 —158 -—70 
7 — 164 —160 —160 N.M. 
8 N.M. —164 —161 N.M. 
9 — 162 — 162 —161 —70 
10 — 164 — 158 —158 -71 
11 —153 —158 — 156 N.M. 
12 — 160 —154 —156 —69 
13 —158 —153 — 156 —68 
14 — 162 —160 — 157 N.M. 
15 —163 —160 —159 N.M. 
16 —154 —159 —159 —72 
17 —159 — 156 —155 —69 
18 — 158 —160 N.M. —-73 
19 —167 —157 — 158 —69 
20 —163 — 160 — 158 -71 
21 —158 — 156 — 157 N.M. 
22 N.M. —162 —160 N.M. 
23 —151 —155 — 157 — 65 
24 — 157 — 158 — 158 N.M. 
25 —170 — 156 — 156 —69 
26 —157 —153 — 156 N.M. 
27 N.M. —160 —157 —69 
28 N.M —154 N.M N.M 
29 N.M N.M. N.M N.M 
30 — 153 — 164 N.M —74 
Midmonthly 
mean —161 —158 —158 —70 
Midmonthly 
mean of WWV —102 





Note: N.M. No measurement. 
*Time of observations: 00.00 to 05.30 and 22.30 to 24.00 U.T. 
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The Cosmic Ray Increase of 17 July 1959 


Some of the unusual intensity changes of cosmic rays observed during July 1959 are described 
in an accompanying note (Wilson, Rose, and Pomerantz 1959). Carmichael and Steljes (1959) 
suggested the possibility that the marked increase which began early on 17 July might repre- 
sent a sea-level effect of cosmic rays from the sun, although they thought it more probable 
that the effect could be described as an unusual modulation of galactic cosmic radiation. We 
here present evidence from ionospheric-scatter signal intensity observations at about 38 
Mc/sec that the sun indeed emitted particles of cosmic ray energy at this time. 

In Fig. 1, the hourly median signal intensities observed for the communication links (a) 
between Iceland and England, and (6) between Labrador and Massachusetts are shown 
together with an estimate (in fine line) of normal signal intensity behavior. The interpretation 
of similar observations made during the great solar event of 23 February 1956 has already 
been discussed by one of us (Bailey 1959). 

We first note in (b) the rise in signal intensity beginning at about 0000 U.T. on 17 July, 
while the Importance 3+ flare which began at 2115 U.T. on 16 July was still in progress, 
though it had passed its peak of activity. This increase appears to be a phenomenon of the 
type previously designated early effect. 
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Fic. 1. Observed variation with time of intensity of signals propagated by ionospheric scattering with estimated 
normal variations indicated by the fine line. Vertical arrows indicate local apparent noon at path midpoint. X's 
indicate values obtained by interpolation during the presence of much stronger signals propagated by a different 
mode (perhaps E’s). (a) Observations made in England of signals from Iceland at 37.15 Mc/sec. (b) Observations 
made in Labrador of signals from Massachusetts at 38.58 Mc/sec. 


The large decreases in signal intensity which began at about 0300 U.T. in (a) and at about 
0800 U.T. in (6) are sunrise effects characteristic of late effect absorption, indicative of the 
presence of a large excess of ionizing particles having rigidities above geomagnetic cutoff. It 
is in the D region of the ionosphere near the midpoints of these two communication links that 
absorption resulting from solar cosmic ray ionization is observed. These two midpoint regions 
correspond to a magnetic rigidity cutoff of about 10° volts. 

Balloon-borne counters released shortly after the beginning of the flare indicated an enhanced 
intensity over College, Alaska (Brown and D’Arcy 1959). The total ionization at 10 g/cm? 
over Minneapolis, also above normal during the early hours of 17 July, increased greatly at 
about 1000 U.T. (Winckler 1959). Thus the arrival of a large flux of particles having rigidities 
well below normal cutoff occurred after the intensity of higher rigidity particles (above normal 
cutoff) had reached its maximum as indicated by neutron monitors. The occurrence at balloon 
altitudes of large fluxes of normally forbidden protons appears, in any case, to be associated 
with geomagnetic disturbance which normally begins many hours after the associated flare. 

Although the shape of this event as observed at ground stations differs considerably from 
the five previous solar cosmic ray increases, the available evidence suggests the presence 
early on 17 July 1959 of flare-associated cosmic rays having rigidities above the geomagnetic 


cutoff. 


BaiLey, D. K. 1959. Proc. IRE 47, 255. 
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